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Abstract 

After a review of the 1+3 point of view on non-inertial observers and of the problems of rotating 
reference frames, we underhne that was is lacking in their treatment is a good global notion of 
simultaneity due to the restricted validity (coordinate singularities show up) of the existing 4- 
coordinates associated to an accelerated observer (like the Fermi normal ones). 

We show that the relativistic Hamiltonian 3+1 point of view, based on a 3+1 splitting of 
Minkowski space-time with a foliation whose space-like leaves are both simultaneity and Cauchy 
surfaces, allows to find a solution to such problems, if we take into account M0ller's definition of 
allowed 4-coordinate transformations extended to radar 4-coordinates. Each admissible choice of 
simultaneity implies an associated definition of instantaneous 3-space (and of spatial distance) and 
of one-way velocity of light. 

Rigidly rotating relativistic reference frames are shown not to exist. We give explicit folia- 
tions, with simultaneity surfaces (also space-like hyper-planes) non orthogonal to the arbitrary 
non-inertial observer world-line, which correspond to a good notion of simultaneity for suitable 
(mutually balancing) translational and rotational accelerations. Viceversa, given one such admissi- 
ble foliation, we can determine the modification of Einstein's convention implied by its associated 
notion of simultaneity. This treatment allows: 

i) To give the 3+1 description of both the rotating disk (its 3-geometry depends on the choice 
of simultaneity)) and the Sagnac effect. 

ii) To show how a GPS system of spacecrafts may establish a grid of admissible radar 4- 
coordinates, namely an empirical notion of simultaneity. 

iii) How, given an admissible empirical notion of simultaneity adapted to Earth's rotation, instead 
of assuming Einstein's convention plus Sagnac corrections, it is possible to determine the associated 
time delay (including the Shapiro delay as a post-Newtonian effect) between an Earth station 
and a satellite. Its comparison with the future measurements of the ACES mission will allow to 
synchronize the clocks according to this empirical simultaneity. 

We show that in parametrized Minkowski theories all the admissible notions of simultaneity 
arc gauge equivalent [conventionality of simultaneity as a gauge theory) and, as an example, we 
describe Maxwell theory in non-inertial systems with any admissible notion of simultaneity, like 
those needed for a correct treatment of the magnetosphere of pulsars. These considerations can 
be extended to canonical metric gravity on globally hyperbolic space-times, where, however, the 
admissible notions of simultaneity are dynamically determined by the ADM Hamilton equations, 
equivalent to Einstein;s equations. 

February 7, 2008 
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I. INTRODUCTION 



The increasing importance of special relativity and post-Newtonian gravity in fields con- 
nected with space navigation and experiments in the Solar System, clock synchronization 
and, more in general, with the rotational aspects of relativistic kinematics in astrophysics 
requires a revisitation of the topics connected with the notion of simultaneity and with the 
problem of how an accelerated observer can build a good system of radar 4-coordinates com- 
patible with a given notion of simultaneity. This paper is devoted to such a revisititation 
and to an attempt to find a unified treatment of these problems. Therefore we start with a 
review of the open problems and then we state our viewpoint. 

We shall use the signature rj^" — e{+, ), with e — ± according to whether the 

particle physics or general relativity convention is adopted, for the Minkowski 4-metric and 
we shall put c = 1. Nevertheless, we keep c in various formulas for the sake of clarity. 

Newtonian mechanics in Galilei space-time (fusion of an absolute space with an absolute 
time) and special relativity in Minkowski space-time (an absolute space-time) rely both on 
a relativity principle, according to which the laws of physics are the same in every inertial 
system (an inertial observer with its time axis and a choice of space axes), namely in a 
special family of rigid systems of reference in uniform translational motion one with respect 
to the other. That is the laws of nature are covariant and there is no preferred inertial 
observer. In any inertial system, according to the law of inertia, a material particle, not 
acted upon by any agent, will continue to move in a straight line with constant velocity. 
Special coordinates are associated to each inertial system: either Cartesian 3-coordinates 
plus time or pseudo-Cartesian (Lorentzian) 4-coordinates. The transition from an inertial 
system to another one is performed with a kinematical group of global transformations, 
either the Galilei group or the Poincare' group. 

Then, the empirical point of view needed to establish a theory of measurements requires 
the replacement of abstract ideal concepts like (either absolute or dynamical) time and 
space with actual metrological standards like a clock and a rod: physical time intervals and 
spatial distances are only relative quantities with respect to the chosen reference standard 
units (only ratios of quantities are physically meaningful), which are constantly upgraded 
following the developments of both theory and technology. 

In Newtonian mechanics the absolute space may be identified as an inertial system asso- 
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dated to the fixed stars. In special relativity, where it is the space-time to be absolute, one 
makes a conventional choice of a quasi-inertial (non-rotating) reference system [1, 2] ^. In 
both theories the chrono-geometrical structure is absolute, i.e. non dynamical. Given some 
standard of length and time {rods and clocks), we can perform any measurement we like on a 
system independently from its dynamics. Only in general relativity the chrono-geometrical 
structure becomes dynamical [8, 9]. 

The main difference between the two theories lies in the notion of simultaneity of two 
events. Due to the absolute nature of Newtonian time, the points on at — const, section of 
Galilei space-time are all simultaneous (instantaneous absolute 3-spacc), whichever inertial 
system we are using. As a consequence, the causal notions of before and after a certain event 
are absolute. Instead in special relativity there is no absolute notion of simultaneity. Given 
an event, all the points outside the light cone with vertex in that event are not causally 
connected with that event (they have space- like separation from it), so that the notions 
of before and after an event become observer-dependent. Once we have chosen to describe 
physics with respect to any inertial system {x^ are the associated Cartesian 4-coordinates) , 
the events simultaneous for the inertial observer chosen as origin are usually assumed to 
be those lying in the space-like hyper-planes x° — ct — const, in accord with Einstein's 
convention for the synchronization of distant clocks. 

As a consequence, the synchronization of two space- like separated clocks has to be defined, 

^ According to the lAU 2000 Resolutions [3] , it is a coordinate system named the Solar System Barycentric 
Celestial Reference System, which is materiahzed in the Solar System Barycentric Celestial Reference 
Frame by specifying its axes by means of fixed stars (quasars) in the Hypparcos catalog [4] . For processes 
in the vicinity of the Earth the (non-inertial but non-rotating) Geocentric Celestial Reference System is 
used. In the definition of these coordinate systems the post-Newtonian approximation to general relativity 
is taken into account [5] . As a consequence the metrology of general relativity [6] (see Ref. [7] for an older 
point of view) has to be used to define measurable quantities (compatible with general covariance) inside 
the solar system, since the special relativistic approximation is no more sufficient to describe phenomena 
like time delays. In particular, given the time-like world- line of an observer, the proper time of the clock and 
the proper length of an infinitesimal rod, together with associated coordinate-independent imits, carried 
by the observer, have to be defined. Assuming the value of the two-ways invariant velocity of light c as a 
conventional constant, the unit of length, the proper meter, is derived from the unit of time, the proper 
second. For the synchronization of distant clocks Einstein's convention is used, while for the definition of 
the distance of events at finite space-like separation both the world-line of an observer associated to one 
of these events and a space-like path joining them is needed besides the synchronization convention. In 
practice, special coordinate systems, like the two previous ones, are introduced and coordinate-dependent 
units of time (the TAI second) and of length are used, with suitable instructions to connect them to the 
proper units. 
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not being implied by the chrono-geometrical structure of Minkowski space-time. Usually this 
is done by means of Einstein's convention [10] (see for instance Refs.[ll, 12] ) based on the 
choice of the rays of hght ^ as preferred tools to measure time and length. In a given inertial 
system the clock A, associated to the time-hke world-hne 7^, emits a light signal at its time 
x%, corresponding to an event Qi on 7^, towards the time-like world-line 75 carrying the 
clock B When the signal arrives at a point P on 7b, it is reflected towards 7a, where it is 
detected at time x'^^, corresponding to an event Qf on 7^. Then the clock B at the event 
P on jB is synchronized to the time a;^ = | {x'\^ + x^j), corresponding to an event Q in 
between Qi and Qf. It can be checked that Q and P lie on the same space-like hyper-plane 
orthogonal to the world-line 7^, i.e. that they are simultaneous events for the chosen inertial 
observer ^. In general relativity Einstein's convention has been generalized to non-inertial 
observers by Martzke and Wheeler [24] to define local 4-coordinates, which can be called 
radar coordinates due to the technology implied to build them. An alternative to the use of 
light rays is the synchronization of clocks by their slow transport: we shall not deal with it, 

^ The conformal structure of Minkowski space-time is selected by the two independent postulates of special 
relativity that the round-trip velocity of light is the same in every inertial system (the round trip postulate) 

and isotropic (the light postulate). Let us remark that only the round-trip (two-way) speed of light has 
a physical significance, since the one-way velocity between two events A and B (and its being or not 
isotropic) depends on the definition of synchronization of the two clocks at those points, i.e. from the 
notion of simultaneity used. 

^ The clocks are assumed to be standard clocks measuring proper time. See Refs.[6, 13, 14] for their 
mathematical characterization in special and general relativity. 

* Einstein's convention has been criticized by Reichenbach and Grundbaum [15], who said that any conven- 
tion a;^ = E x'^j^-\-{E—l) x°J^^ = x°J^^+E (a;^j— ar^J with < = const. < 1 can be used {conventionalism 
of simultaneity) without leading to any contradiction. In general light propagation becomes anisotropic, 
i.e. direction dependent, because from .t^ = a;^, x% — x% = E (.x^^ — x^J, x°^^ — x°q = [l — E) (x'^j—x'^i) 
we get CAiB = ^E, csAf = f (1 - i^), f = + with either caiB > c or csAf > c (but not both). 
See Refs.[16, 17, 18, 19, 20, 21, 22] and their rich bibliography for the various aspects of the debate about 
the conventionalist point of view. In particular let us stress the following points: a) The constant E may 
be generalized to a point-dependent function (see for instance Ref.[23]); b) Anderson and Stedman [18] un- 
derline how the notions of spatial distance depend on the choice of the notion of simultaneity made by the 
observer (see footnote 1); c) Giulini [17] shows that in the relativistic case Malament's non-conventionalist 
notion of absolute simultaneity [16] (as an equivalence relation implied by the causal automorphisms pre- 
serving the light-cone structure) has to be replaced with a notion of relative simultaneity with respect 
to some additional structure on space-time; d) both Anderson-Stedman [18] and Minguzzi [22] propose a 
gauge interpretaiion of simultaneity and of the one-way velocity of light: e) in Ref. [19], where there is a 
review of the various viewpoints on the conventionality of simultaneity, it is underlined the conventional 
nature of the statements about the isotropy or anisotropy of light propagation and of the measurements 
of length. 
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since in Ref. [25] it is shown its equivalence to Einstein's convention notwithstanding claims 
of the contrary (see also Section 2.1 of Ref. [19]). 

In both theories the concept of inertial observers is an idealization. Every actual observer 
is always accelerated and in practice (for instance in astronomy) one speaks of quasi-inertial 
systems [1, 2, 3, 4]. In Newtonian mechanics they are defined as those rigid systems of 
reference, in which the sensibility of the measuring apparatuses does not allow to detect 
any inertial force, like the Coriolis one, which modify Newton's law {ma — F i— > ma — 
F' + m f) when dynamics is described by an observer carrying a rigid accelerated system 
of reference (see for instance Ref. [26], Section 39). In special relativity the notion of quasi- 
inertial system is more problematic, because there is no accepted definition of inertial forces 
seen by an accelerated observer when a manifestly Lorentz covariant description of relativistic 
mechanics is used ^. It is only in the Hamiltonian version of relativistic mechanics that we 
can re-introduce a notion of non-inertial forces, because Hamilton equations define a force 
law. 

Due to the absence of any statement about non-inertial systems (replacing the relativity 
principle), usually special relativity is seen as an approximation to general relativity, valid 
locally near an observer in free fall ^. The equivalence principle is invoked to say that 
an uniform gravitational field and an uniform acceleration are locally indistinguishable ^ 
and that it is meaningless to speak of inertial forces in general relativity: but again at the 
Hamiltonian level this is possible with respect to non-rigid systems of reference as shown 
in Ref. [8]. Since the transition to general relativity adds new problems without solving 
the special relativistic ones, let us concentrate our discussion on special relativity without 
gravity as an autonomous theory. 



^ Sec Ref. [27] for the problems, like the no-interaction-tlieorem, associated to the description of the motion 
of massive relativistic particles either free or with action-at-a-distance relativistic interactions. Again the 
main problem is how to perform a simultaneous description of the interacting particles. 

^ Also general relativity makes no positive statement about non-inertial systems: the laws of nature are 
now generally covariant (namely they assume the same form in every 4-coordinatc system), but this 
only implies the elimination of rigid inertial systems (only local inertial systems for an observer in free 
fall remain). Moreover, now the chrono-geometrical structure of space-time becomes dynamical (it is 
described by the metric tensor, which is also the potential for the gravitational field), space- time itself 
looses its reality and wc need a physical identification of space-time points as point events {space-time is 
the gravitational field itself). See Ref. [8, 9] for a full discussion of these aspects of general relativity. 
But more realistically (see Ref. [28]) this is true only on the geodesic of an observer in free fall, due to the 
gravitational tidal forces evidentiated by the geodesic deviation equation. 
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A. The Locality Hypothesis. 



Since the actual observers are accelerated, we need some statement correlating the mea- 
surements made by them to those made by inertial observers, the only ones with a general 
framework for the interpretation of their experiments. This statement is usually the hypoth- 
esis of locality which is expressed in the following terms according to Mashhoon [29] (see 
also Refs.[30, 31]): an accelerated observer at each instant along its world-line is physically 
equivalent to an otherwise identical momentarily comoving inertial observer, namely a non- 
inertial observer passes through a continuous infinity of hypothetical momentarily comoving 
inertial observers While this hypothesis is verified in Newtonian mechanics and in those 
relativistic cases in which a phenomenon can be reduced to point-like coincidences of classical 
point particles and light rays (geometrical optic approximation), its validity is questionable 
in presence of electro- magnetic waves. As emphasized by Mashhoon [29, 30, 31], in this case 
we can trust the locality hypothesis only when the wave-length A of the electro-magnetic 
wave is much shorter of the acceleration length C of the observer, describing the degree of 
variation of its state ^, i.e. when X « jC. When X « jC holds, so that the period of the 
wave satisfies ^ << ^, the observer state does not change appreciably on the time scale 
needed to detect a few oscillations of the wave and to measure its frequency. Instead in the 
case of the electro-magnetic waves radiated by an accelerating charged particle with acceler- 
ation length C, we have A ~ £. In this case it is highly problematic to consider the particle 
momentarily equivalent to an identical comoving inertial particle. This fact is confirmed 
by the causality problems (pre-acceleration, runaway solutions) of the classical Abraham - 
Lorentz - Dirac equation of motion of the particle (see for instance Ref.[34]), which depend 
on the time derivative of the acceleration, and by the still going on discussions [35] on the 
energy balance and the back-reaction in these radiative phenomena, due, besides the prob- 
lem of the self-energies, to the absence of a clear notion of simultaneity for the particle and 
electro- magnetic degrees of freedom allowing to define a well posed Cauchy problem 

^ For Einstein's comments on this point see Stachel [32]. M0ller ([12], p. 223) makes the assumption that 
the length of the measuring rods are independent of the accelerations relative to an inertial system. For 
Klauber [33] it is the surrogate frame postulate. 

Q ^ 

^ £ = ^ for an observer with translational acceleration a; £ = ^ for an observer rotating with frequency 
f2. 

See Refs. [36] for a semi-classical Hamiltonian approach to these problems by using Grassmann-valued 
electric charges to regularize the self-energies. 
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Also the measurement of time dilation based on the muon lifetime can be shown [29] to 
give the standard result r(ju) = 7 t°^^ {t°^-^ is the lifetime in an inertial system) only modulo 
neghgible corrections of order {X/Cf (A = h/mc is the muon Compton wavelength). The 
hypothesis of locality is clearly valid in many Earth-based experiments since / g Earth ~ 
llyr, c/VtEarth ~ 20 AU. 

As we shall see, there are simultaneity conventions which satisfy the locality hypothesis 
and others in which the associated observers are not a sequence of comoving inertial ones. 
Only in a theory in which all the simultaneity conventions are equivalent in some sense the 
locality hypothesis can be fully justified. 

B. The 1+3 Point of View. 

Therefore it is far from clear which is the description of physical phenomena given by a 
non-inertial observer, especially a rotating one. The fact that we can describe phenomena 
only locally near the observer and that the actual observers are accelerated leads to the 1 +3 
point of view (or threading splitting) [37, 38]. 

Given the world-line 7 of the accelerated observer, we describe it with Lorentzian co- 
ordinates x^{t), parametrized with an affine parameter r, with respect to a given iner- 
tial system. Its unit 4-velocity is u'i^ij) = x^^{t) / ^/Tx^T) [ — The observer 
proper time t^(t) is defined by ex (r^) = 1, if we use the notations x'^{t) — x'^{t^{t)) 
and u^{t) — u^{t^{t)) — dx^{T^)/dT^, and it is indicated by a comoving standard atomic 
clock. At each point of 7 with proper time t^{t), the tangent space to Minkowski space-time 
in that point has the 1-1-3 splitting in vectors parallel to u^{T-y) and vectors lying in the 
3-dimensional (so-called local observer rest frame) subspace Ru(tj) orthogonal to u^{t^) 
By a conventional choice of three spatial axes -E'(1)(t) = -E'|^)(r-y(r)), a = 1,2,3, orthogonal 
to M^(r) = i?|^-)(r) = u^{t^{t)) = £'|^^(r-y(r)), the non-inertial observer is endowed with an 
ortho-normal tetrad Ej'^)(r) = E^^^{rj{r)), a = 0, 1, 2, 3. 

Let us remark that there is no notion of a 3-space simultaneous with a point of 7 and whose tangent 
space at that point is Ru(^T_^y. i) at a geometrical level Ru(t^) may at best be considered as a local 
approximate substitute of it in an infinitesimal neighborhood; ii) actually, when the locality hypothesis 
holds, the acceleration radii determine the effective dimension of the neighborhood and this fact has led 
some authors, see for instance Rcf.[21], to identify Ru^t ) with the simultaneity 3-space of the observer. 
This amounts to a choice of three comoving gyroscopes in addition to the comoving standard atomic clock. 
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The matter or field tensors seen by the observer are the (coordinate- independent) tetradic 
components of these tensors: for the electro- magnetic field strength F^,y{z)\z=x{T^) they 
are F(Q,)(^)(x(r-y)) = F^^(x{tj)) E^^~^{t^) E'^p^{Tj). In the case of a vector field X^^{z), the 
physical observables [33] for the observer are the scalar quantities formed with X(o)(r-y) = 
X,{iir,)) EI^{t,) = X,{x{t,)) u^{t,) and E(a) ^(l)(^7) with X(,)(r,) = X,{x{t,)) E^^^{t,). 
For instance, if we have two incident light rays with tangent vectors k^, k'^ [ r]^i, k^ k'^ = 
Tjnuk'^k'" = 0], their observable angle seen by the observer is defined by cos(pj — 

However the threading point of view says nothing on how to define sets of events of 
Minkowski space-time simultaneous with each point of the world-line 7 of the non-inertial 
observer and this is a source of problems both for the synchronization of clocks and for the 
definition of measurements of length. Let us see what is known in the literature. 

C. 4-Coordinates for Accelerated Observers. 

A) A first attempt (both in special and general relativity) to treat this problem is based 
on the Fermi normal coordinates [40]. In each point of the world-line 7 of the accelerated 
observer one considers the hyper-plane orthogonal to the observer unit 4- velocity M^(r), i.e. 
the local observer rest frame at that point. Then, on each hyper-plane one considers three 
space-like geodesies as spatial coordinate lines. In this way we can coordinatize a world- 
tube around the world-line 7, whose radius is determined by the intersection of hyper-planes 
at different times. Notwithstanding various efforts to ameliorate the construction [41], in 
this way we obtain only local coordinates and a notion of simultaneity valid only inside the 
world-tube (see also Section 4.1 of Ref.[19]). Let us remark that similar coordinates are 
employed in the attempts to define the relativistic center of mass of an extended object [42] 

13 

B) Mashhoon [29, 31] has introduced a variant of the previous coordinates, i.e. the 

Usually the spatial axes are chosen to be Fermi- Walker transported as a standard of non-rotation, which 
takes into account the Thomas precession [39]. Let us remark that this physical reference frame of an 
observer has not to be confused with the Celestial Reference Frames (see footnote 1) used in astronomy 
and geodesy. 

See Refs.[43] for the study of the problem of the relativistic center of mass without using this type of 
coordinates. 
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geodesic coordinates for rotating observers. Since in this construction the observer has spa- 
tial axes £'^^(r) obtained from those of an inertial observer with a Lorentz boost to a 
comoving observer along the axis 2 (tangent to the circular orbit), the observer can define 
an acceleration tensor A[a){p) by means of the equation — ^ = ^Jj)!^)- The 

translational acceleration and rotational frequency of the observer are a(j) = A(o){i) and 
~ •^{j)(k)i respectively. The two invariants Ji = fi^ — cF and I2 = a ■ Vt may 

be interpreted as the two acceleration radii determining the world-tube of validity of these 
geodesic coordinates, namely the region where the hyper-planes orthogonal to the observer 
world- line can be considered as simultaneity 3-spaces (see footnote 11). 

C) A third approach is the one of Pauri and Vallisneri [44] ^'^ . It is a refinement of 
the Martzke-Whcclcr method [24] to build radar coordinates. Given the observer world-line 
x^{t), the simultaneity surface through x^(0) is built as the union of the intersections of the 
past light-cone of x'^{-\-1^t) with the future hght-cone of x'^(— At) when At varies (if the 
world- line is a straight line one recovers the hyper-planes of Einstein's convention). In this 
way it is possible to build a foliation of Minkowski space-time with space-like hyper-surfaces 
(simultaneity surfaces). However, in the example explicitly worked out by these authors 
the embedding — z'^{t, \ {\a\ is the radial distance from 7 and n a unit 3- vector) 
describing these hyper-surfaces in Minkowski space-time is a periodic function of |(t| with 
an oscillating limit for \a\ 00. Again this signals the presence of a coordinate singularity 
after one spatial period and a limited range of validity of these coordinates too. 

D. The Rotating Disk. 

Finally there is the enormous amount of bibliography, reviewed in Ref.[45], about the 
problems of the rotating disk and of the rotating coordinate systems. Independently from 
the fact whether the disk is a material extended object or a geometrical congruence of 
time-like world-lines (integral lines of some time-like unit vector field), the idea followed by 
many researchers [11, 12, 46] is to start from the Cartesian 4-coordinates of a given inertial 
system, to pass to cylindrical 3-coordinates and then to make a either Galilean (assuming a 
non-relativistic behaviour of rotations at the relativistic level) or Lorentz transformation to 

See this paper. Ref.[20] and their bibUography for the role of the notion of simultaneity in the interpretation 
of the twin paradox. In particular in Ref. [20] it is shown the independence of the solution of the paradox 
from, the choice of the notion of simultaneity. 
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comoving rotating 4-coordinates, with a subsequent evaluation of the 4-metric in the new 
coordinates. In other cases [47] a suitable global 4-coordinate transformation is postulated, 
which avoids the so-called horizon problem (the points where all the previous 4-metrics 
have either vanishing or diverging components, when the rotational frequency reaches the 
velocity of light). Various authors (see for instance Refs.[48]) do not define a coordinate 
transformation but only a rotating 4-metric. Just starting from M0ller rotating 4-metric 
[12], Nelson [49] was able to deduce a 4-coordinate transformation implying it. 

The problems arise when one tries to define measurements of length, in particular that 
of the circumference of the disk. Einstein [50] claims that while the rods along the radius 
Ro are unchanged those along the rim of the disk are Lorentz contracted: as a consequence 
more of them are needed to measure the circumference, which turns out to be greater than 
2^ Ro (non-Euclidean 3-geometry even if Minkowski space-time is 4-flat) and not smaller. 
This was his reply to Ehrenfest [51], who had pointed an inconsistency in the accepted 
special relativistic description of the disk in which it is the circumference to be Lorentz 
contracted: as a consequence this fact was named the Eherenfest paradox (see the historical 
paper of Gr0n in Ref.[45]). 

As underlined in Ref. [52] (see also Refs.[53, 54]) there is an intertwining of the following 
problems: i) Does the rim of the disk in the rotating system define the same geometrical 
circumference as the set of the positions of the points of the rim as seen by a given inertial 
observer? ii) How is defined the instantaneous 3-space of the rotating disk if we take into 
account that the associated congruence of time-like world-lines describing its points in time 
has not zero vorticity, so that it is not surface-forming? iii) How to define the 3-geometry 
of the rotating disk? iv) How to measure the length of the circumference? v) Which time 
and notion of simultaneity has to be used to evaluate the velocity of (massive or massless) 
particles in uniform motion along the circumference? vi) Do standard rods undergo Lorentz 
contraction (validity of the locality hypothesis)? In Refs. [45, 55] there is a rich bibliography 
on the existing answers to these questions and the remark that the actual standard rods 
used for measurements are rods with free ends (not be confused with arcs of circumference) , 
which a) remain unchanged when slowly transported; b) are assumed not to be influenced 

If E and Ro denote the radius of the disk in the rotating and inertial frame respectively, then we have 
R — Ro because the velocity is orthogonal to the radius. But the circumference of the rim of the disk is 
Lorentz contracted so that 2it R< 2it Rq inconsistently with Euclidean geometry. 
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by an acceleration (the locality hypothesis) or a local gravitational field. In Section VIB 
more details on the rotating disk are given. 

E. The Sagnac Effect. 

The other important phenomenon connected with the rotating disk is the Sagnac effect 
[56] (see the recent review in Ref.[57] for how many interpretations of it exist), namely the 
phase difference generated by the difference in the time needed for a round-trip by two light 
rays, emitted in the same point, one co-rotating and the other counter-rotating with the 
disk This effect, which has been tested (see the bibhography of Refs.[57, 61]) for hght, 
X rays and matter waves (Cooper pairs, neutrons, electrons and atoms), has important 
technological applications and must be taken into account for the relativistic corrections 
to space navigation, has again an enormous number of theoretical interpretations (both in 
special and general relativity) like for the solutions of the Ehrenfest paradox. Here the lack of 
a good notion of simultaneity leads to problems of time discontinuities or desynchronization 
effects when comparing clocks on the rim of the rotating disk. 

Moreover, various authors use the Sagnac effect, together with the Foucault pendulum, 
as a clear hint that, contrary to translations, the rotations of the reference frame have 
an absolute character so that non-rotating frames are preferred frames [33] Another 
disturbing aspect of rotating frames for these authors is that the (coordinate) velocity of 
light is no more isotropic (see footnote 4) when the rotating 4-metric is not time- orthogonal, 
i.e. when goi ^ 0. In general relativity, where the goi^s are the (gauge, i.e. not determined 

For monochromatic light in vacuum with wavelength A the fringe shift is 5z = 4(1 ■ A/ Xc, where f2 is the 
Galilean velocity of the rotating disk supporting the interferometer and A is the vector associated to the 
area \A\ enclosed by the light path. The time difference is St = XSz/c = 40 • A/c^, which agrees, at the 
lowest order, with the proper time difference St = (4Af2/c^) (1 — Vl? /c^)~^/'^ , A = -kB?, evaluated 
in an inertial system with the standard rotating disk coordinates. This proper time difference is twice 
the time lag due to the synchronization gap predicted for a clock on the rim of the rotating disk with a 
non-time orthogonal metric. Sec Rcfs.[57, 58, 59] for more details. Sec also Rcf. [60] for the corrections 
included in the GPS protocol to allow the possibility of making the synchronization of the entire system 
of ground-based and orbiting atomic clocks in a reference local inertial system. Since usually, also in GPS, 
the rotating coordinate system has t = t {t is the time of an inertial observer on the axis of the disk) the 
gap is a consequence of the impossibility to extend Einstein's convention of the inertial system also to the 
non-inertial one rotating with the disk: after one period two nearby synchronized clocks on the rim are 
out of synchrony. 

^"^ Let us remark that this is an attitude opposite to that of the supporters of Mach principle [62] . 
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by Einstein's equations) shift functions, this fact implies the addition of gravito-magnetic 
effects (dragging of inertial frames, Lense-Thirring effect) [63, 64] to the anisotropy of hght 
propagation (not to mention new phenomena hke the gravitomagnetic clock effects [65, 66] 
and the spin- rotation couplings [67]; see the review [68]). Let us remark that in general 
relativity synchronous 4-coordinates, for which the shift functions vanish, are subject to 
develop singularities in short times, when one attempts to do numerical gravity 

Another area which is in a not well established form is electrodynamics in non-inertial 
systems either in vacuum or in material media {problem of the non-inertial constitutive 
equations) . Its clarification is needed both to derive the Sagnac effect from Maxwell equations 
without gauge ambiguities [58] and to determine which types of experiments can be explained 
by using the locality principle to evaluate the electro-magnetic fields in the comoving system 
(see the Wilson experiment [69] and the associated controversy [70] on the validity of the 
locality principle) without the need of a more elaborate treatment like for the radiation of 
accelerated charges. It would also help in the tests of the validity of special relativity (for 
instance on the possible existence of a preferred frame) based on Michelson-Morley - type 
experiments [71] (see also Ref.[68]). 

We do not accept the interpretation of rotations as absolute and refuse the points of view 
implying deviations from standard special relativity like the new postulates (no Lorentz 
contraction under rotations and preferred nature of non-rotating frames) of Klauber [33] or 
of Selleri [72]. Instead (see also Ref.[58]) we remark that the Sagnac effect and the Foucault 
pendulum are experiments which signal the rotational non-inertiality of the frame. The same 
is true for neutron interferometry [73] , where different settings of the apparatus are used to 
detect either rotational or translational non-inertiality of the laboratory. As a consequence a 
null result of these experiments can be used to give a definition of relativistic quasi-inertial 
system. 

Let us remark that the disturbing aspects of rotations are rooted in the fact that there is a 
deep difference between translations and rotations at every level both in Newtonian mechan- 
ics and special relativity: the generators of translations satisfy an Abelian algebra, while 
the rotational ones a non- Abelian algebra. As shown in Refs.[42, 74], at the Hamiltonian 
level we have that the translation generators are the three components of the momentum, 
while the generators of rotations are a pair of canonical variables (L^ and arctg ^) and 
an unpaired variable (ll^l). As a consequence we can separate globally the motion of the 
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3-center of mass of an isolated system from the relative variables, but we cannot separate 
in a global and unique way three Euler angles describing an overall rotation, because the 
residual vibrational degrees of freedom are not uniquely defined. 

Let us also remark that general relativity has been completely re-expressed in the 1+3 
point of view (starting from the works of Cattaneo [75] and ending with Refs.[76]): the real 
open problem of this approach is that no one is able to formulate a Cauchy problem in this 
setting. 

In conclusion the 1+3 point of view has to face a big group of problems most of which 
originated by the absence of a good notion of simultaneity. They are not academic theoretical 
problems. The Global Positioning System [60] (GPS and its European counterpart Galileo) 
and the future mission ACES of the European Space Agency on the synchonization of clocks 
[77], due to the level of time keeping accuracy of the order 10~^^ (and higher) reached by 
the standard laser cooled atomic clocks [78] , requires to take into account relativistic effects 
till the order 1/c^ [79, 80, 81]. But this has to be done after the introduction of a good 
notion of simultaneity in general relativity, which becomes a special relativistic notion of 
simultaneity in presence of weak gravitational fields compatible with the (non-inertial non- 
rotating) Geocentric Celestial Reference System and the (inertial non-rotating) Solar System 
Barycentric Celestial Reference System. This fact, together with the increasing interest in 
astronomy for relativistic corrections to reference frames and light propagation [82] and in 
astrophysics for relativistic rotating stars and black holes [83], points to the necessity of a 
re-formulation of the previous problems in a framework allowing a good control of the notion 
of simultaneity. 

F. The 3+1 Point of View, M0ller Admissible Coordinates and Parametrized 
Minkowski Theories. 

The aim of this paper is to try to show that the framework, in which these problems 
find a natural co-existence with the standard treatment of special relativity, requires an 
inversion of attitude. Let us consider the 3+1 splittings of Minkowski space-time associated 
to its foliations with arbitrary space-like hyper-surfaces and not only with space-like hyper- 
planes. Each of these hyper-surfaces is both a simultaneity surface and a Cauchy surface 
for the equations of motion of the relativistic systems of interest. After the choice of a 
foliation, i.e. of a notion of simultaneity, we can determine, as we shall see, which are the 
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non-inertial observers compatible with that notion of simultaneity. Having given a notion of 
simultaneity, there will be associated notions of one-way velocity of light, of synchronization 
of distant clocks, of instantaneous 3-space and of spatial length. 

Moreover in this framework we will show that it is possible 

a) to give an operational method, generalizing Einstein's convention, for building the 
radar coordinates adapted to an arbitrary foliation (see Subsection A of Section VI). 

b) to solve the following inverse problem: given a single non-inertial observer or a con- 
gruence of non-inertial observers (like in the case of the rotating disk) find which are the 
foliations, i.e. the notions of simultaneity, compatible with them (see Sections III and V, 
respectively) . 

The 3-1-1 point of view is less physical (it is impossible to control the initial data on a non- 
compact space-like Cauchy surface) , but it is the only known way to establish a well posed 
Cauchy problem for the dynamics, so to be able to use the mathematical theorems on the 
existence and uniqueness of the solutions of field equations for identifying the predictability of 

the theory. A posteriori, a non-inertial observer can try to separate the part of the dynamics, 
implied by these solutions, which is determined at each instant from the (assumed known) 
information coming from its causal past (see Ref. [85] for an attempt to re-phrase the instant 
form of dynamics in a form employing only data from the causal past of an observer) from 
the part coming from the rest of the universe. 

As emphasized by Havas [23], to implement this program we have to come back to M0ller's 
formalization [12] (Chapter VIII, Section 88) of the notion of simultaneity, based on previous 
work by Hilbert [86] . Given an inertial system with Cartesian 4-coordinates in Minkowski 
space-time and with the x° — const, simultaneity hyper-planes, M0ller defines the admissible 
coordinates transformations ^ — f^{x) [with inverse transformation y'^ i— > x'^ = 
h'^{y)\ as those transformations whose associated metric tensor g^uiy) — ^^^^^^?7a/3 
satisfies the following conditions 

See Refs.[84] for epistemological and mathematical supports to the notion of radar coordinates. 
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^9oo{y) > 0, 



9ii{y) 9ij{y) 
9ji{y) 9jj{y) 



>0, edet[gij{y)] < 0, 



^det[g^,{y)] < 0. (1.1) 

These are the necessary and sufficient conditions for having behaving as the velocity 
field of a relativistic fiuid, whose integral curves, the fluid flux lines, are the world-lines of 
time-like observers. Eqs.(l.l) say: 

i) the observers are time-like because egoo > 0; 

ii) that the hyper-surfaces y° — f°{x) — const, are good space-like simultaneity surfaces. 

Moreover we must ask that g^u{y) tends to a finite limit at spatial infinity on each 
of the hyper- surfaces y° = f°{x) = const. If, like in the ADM canonical formulation 
of metric gravity [87], we write goo = e (7V^ — g^N^N^), goi = gij introducing the 
lapse {N) and shift {N^) functions, this requirement says that the lapse function (i.e. 
the proper time interval between two nearby simultaneity surfaces) and the shift func- 
tions (i.e. the information about which points on two nearby simultaneity surfaces are 
connected by the so-called evolution vector field ^^^) do not diverge at spatial infin- 
ity. This implies that at spatial infinity on each simultaneity surface there is no asymp- 
totic either translational or rotational acceleration and the asymptotic line element is 
ds^ = g^,{y)dy^'dy'^ ^ spatiaUnnmty e(^F\y"){dy"y + 2Gi{y")dy''dy' - dfy But this 
would break manifest covariance unless F{y°) = 1 and Gi{y°) = 0. As a consequence, the 
simultaneity surfaces must tend to space-like hyper-planes at spatial infinity. 

In this way all the admissible notions of simultaneity of special relativity are formalized 
as 3+1 splittings of Minkowski space-time by means of foliations whose leaves are space-like 
hyper-surfaces tending to hyper-planes at spatial infinity. Let us remark that admissible 
coordinate transformations y-^ y^ = f^{x) constitute the most general extension of the 
Poincare' transformations x^ ^ y'^ — -\- Al^v x'^ compatible with special relativity. A 

-"^^ They would contribute [88] to the asymptotic hue element with the diverging terms [Aj(j/°)t/* -|- 
Bij{y°) y^] {dy°f and e^^fe to^iy") y'^ dy° dy\ respectively. 
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special family of admissible transformations are the sub-group of the frame-preserving ones: 

— * 

x° ^ y° ^ f°{x°,x), X ^ /(f). 

It is then convenient to describe [27, 88, 89] the simultaneity surfaces of an admissible 
foliation (3+1 splitting of Minkowski space-time) with naturally adapted Lorentz scalar ad- 
missible coordinates — (r, a) — f^{x) [with inverse ^ x'^ — z^{a) — z^{t, B)] 
such that: 

i) the scalar time coordinate r labels the leaves E,- of the foliation (E^ R^); 

ii) the scalar curvilinear 3-coordinates a = {a' } on each E^ are defined with respect to 
an arbitrary time-like centroid x^{t) chosen as their origin; 

iii) if = f^{x) is any admissible coordinate transformation describing the same fo- 
liation, i.e. if the leaves E^ are also described by y° = f"{x) = const., then, modulo 
reparametrizations, we must have y^ = /'^{z^t, a)) = f^{T, a) — A^a with A°t — const., 
A°r — 0, so that we get y° — const, r, y^ — A\{t, a) a-^. Therefore, modulo reparametriza- 
tions, the T and a adapted admissible coordinates are intrinsic coordinates, which are mathe- 
matically allowed as charts in the atlas for Minkowski space-time. They are called radar-like 
4-coordinates (see Subsection A of Section VI for the justification of this name) and, proba- 
bly, they were introduced for the first time by Bondi [90]. The use of adapted Lorentz-scalar 
radar coordinates allows to avoid all the (often ambiguous) technicalities connected with the 
extrapolations of effects like Lorentz-contraction or time dilation from inertial to non-inertial 
frames. 

The use of these Lorentz-scalar adapted coordinates allows to make statements depending 
only on the foliation but not on the 4-coordinates y'^ used for Minkowski space-time. 

The simultaneity hyper-surfaces E,- are described by their embedding x^ — z^{t, a) 
in Minkowski space-time [{r,a) i— > z'^{r,a), i?^ i— > E^ C M^] and the induced metric 
is gAB{T,a) — z'^{T,a) z'^{T,a) rjni, with z^ — dz^/da^ (they are flat tetrad fields over 
Minkowski space-time). Since the vector fields z^{T,a) are tangent to the surfaces E,-, the 
time-like vector field of normals P(t, a) is proportional to e'^a/s-y zf{T, a) Z2{t, a) zJ{t, a). In- 
stead the time-like evolution vector field is z!^{t,(t) = N{T,a) 1^{t,(t) + N^{T,a)z^{T,a), 
so that we have dz'^{T, a) = z!^{t, a) dr -\- zf^{T, a) da^ = N{t, a) dr 1^{t, a) -\- {N'^{t, a) dr -\- 
da'')zi^{T, a). 

Since the 3-surfaces E^ are equal time 3-spaces with all the clocks synchronized, the spatial 
distance between two equal-time events will be dl^ — Ji dl y^Qrsi'T: ^(0) ^^^dP' ^^dP' [^(^) 
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is a parametrization of the 3-geodesic 712 joining the two events on E^]. Moreover, by using 
test rays of hght we can define the one-way velocity of hght between events on different E^-'s. 

When we have a Lagrangian description of an isolated system on arbitrary space-like 
hyper-surfaccs (the parametrized Minkowski theories of Rcfs.[27, 89] and of the Appendix 
of Ref. [88]), the physical results about the system do not depend on the choice of the notion 
of simultaneity. In this approach, besides the configuration variables of the isolated sys- 
tem, there are the embeddings z^{t, a) as extra gauge configuration variables in a suitable 
Lagrangian determined in the following way. Given the Lagrangian of the isolated system 
in the Cartesian 4-coordinates of an inertial system, one makes the coupling to an external 
gravitational field and then replaces the external 4-metric with gAB — z^VnuZ^- Therefore 
the resulting Lagrangian depends on the embedding through the associated metric gAB- If 
can be shown that, due to the presence of a special- relativistic type of general covariance 
(reparametrization invariances of the action under frame-preserving diff eomorphisms) , the 
transition from a foliation to another one (i.e. a change of the notion of simultaneity) is 
a gauge transformation of the theory. Therefore, in parametrized Minkowski theories the 
conventionalism of simultaneity is rephrased as a gauge problem (in a way different from 
Refs.[18, 22]), i.e. as the arbitrary choice of a gauge fixing selecting a well defined notion of 
simultaneity among those allowed by the gauge freedom. Moreover, for every isolated system 
there is a preferred notion of simultaneity, namely the one associated with the 3-1-1 splitting 
whose leaves are the Wigner hyper-planes orthogonal to the conserved 4-momentum of the 
system: this preferred simultaneity, intrinsically selected by the isolated system, leads to the 
Wigner- covariant rest-frame instant form of dynamics. 

The main property of each foliation with simultaneity surfaces associated to an admissible 
4-coordinate transformation is that the embedding of the leaves of the foliation automatically 
determine two time-like vector fields and therefore two congruences of (in general) non- 
inertial time-like observers: 

i) The time-like vector field l^{T,a) of the normals to the simultaneity surfaces S,- (by 
construction surface- forming, i.e. irrotational), whose flux lines are the world- lines of the 
so-called (in general non-inertial) Eulerian observers. The simultaneity surfaces E^ are (in 
general non-fiat) Riemannian 3-spaces in which the physical system is visualized and in each 
point the tangent space to E,- is the local observer rest frame R^r^) of the Eulerian observer 
through that point. This 3-1-1 viewpoint is called hyper-surface 3-1-1 splitting. 

ii) The time-like evolution vector field z!^ (r, a) / y^e grr (t, a) , which in general is not 
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surface-forming (i.e. it has non-zero vorticity like in the case of the rotating disk). The 
observers associated to its flux lines have the local observer rest frames Ru{t^) not tangent 
to E^: there is no notion of 3-space for these observers (1-1-3 point of view or threading 
splitting) and no visualization of the physical system in large. However these observers can 
use the notion of simultaneity associated to the embedding z^{t, a), which determines their 
4-velocity. This 3+1 viewpoint is called slicing 3+1 splitting. In the case of the uniformly 
rotating disk all the existing rotating 4-coordiinate systems have a coordinate singularity 
(the horizon problem: goo{y°,y) = 0) where our = c: there the time-like observers of the 
congruence would become null observers like on the horizon of a Schartzschild black hole 
and this is not acceptable in absence of a horizon. 

As a consequence the plan of the paper is the following one. 

In Section II we give some preliminaries on reference frames and on the notions of simul- 
taneity in the 3-1-1 and 1-1-3 points of view with the associated method of synchronization 
of clocks and of definition of spatial distances. 

In Section III we shall define the class of foliations implementing the idea behind the 
locality hypothesis that a non-inertial observer is equivalent to a continuous family of co- 
moving inertial observers (as shown by Havas [23] , there are other admissible foliations not 
in this class). Eqs.(l.l) will put restrictions on the comoving observers. The main byproduct 
of these restrictions will be that there exist admissible 4-co ordinate transformations inter- 
pretable as rigid systems of reference with arbitrary translational acceleration. However there 
is no admissible 4-coordinate transformation corresponding to a rigid system of reference with 
rotational motion. When rotations are present, the admissible 4-coordinate transformations 
give rise to a continuum of local systems of reference like it happens in general relativ- 
ity {differential rotations). Moreover our parametrization of this class of foliations uses an 
arbitrary centroid x^{t) with a time-like world-line as origin of the 3-coordinates on the 
simultaneity surfaces E^: therefore these foliations describe possible notions of simultaneity 
for the arbitrary non-inertial observer x^{t). 

In Section IV we describe the simplest foliations of the previous class, whose simultaneity 
surfaces are space-like hyper-planes with differentially rotating coordinates. 

In Section V we solve the following inverse problem: given a time-like unit vector field, i.e. 
a (in general not irrotational) congruence of non-inertial observers like that associated with 
a rotating disk, find an admissible foliation with simultaneity surfaces such that 2;('(t, a) is 
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proportional to the given vector field. 

Section VI contains some applications of our results. In Subsection A an operational 
method, generalizing Einstein's convention to arbitrary simultaneity surfaces, is proposed 
to build a grid of radar 4-coordinates to be used by a set of satellites of the GPS type. 
In Subsection B we give the 3+1 point of view on the rotating disk, while in Subsection 
C we give its description in the foliation of Section IV and we evaluate the Sagnac effect. 
In Subsection D the fohation of Section IV is used to describe Earth rotation (instead of 
assuming Einstein's convention plus Sagnac corrections as it happens in GPS) as an empirical 
admissible notion of simultaneity (see Subsection A) and it is applied to the determination 
of the one-way time transfer (including the Shapiro delay as a post-Newtonian effect) for 
the propagation of light from an Earth station to a satellite. Its comparison with the future 
measurements of the ACES mission will allow to synchronize the clocks according to this 
empirical simultaneity. In Subsection E we describe electro-magnetism as a parametrized 
Minkowski theory and we arrive at Maxwell equations in non-inertial frames as a result of 
gauge fixings determining an arbitrary admissible notion of simultaneity. 

In the Conclusions we give a general overview of the results obtained and we discuss the 
dynamical nature of the admissible notions of simultaneity in general relativity. 

In Appendix A there is a sketch of the derivation of the Sagnac effect from the non-inertial 
Maxwell equations. 

In Appendix B there is the study of a family of admissible embeddings, whose leaves are 
parallel hyper-planes, closed under the action of the Lorentz group. 
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II. MORE ABOUT 3+1 VERSUS 1+3 NOTIONS OF SIMULTANEITY. 



In this Section we shall collect some differential geometry tools needed to compare the 
1+3 approximate notion of simultaneity with the exact 3+1 admissible ones. Due to the non- 
uniformity in the nomenclature used in the literature, let us first introduce some definitions 
following Ref.[39]. 

An inertial observer in Minkowski space-time is a time-like future-oriented straight 
line 7. Any point P on 7 together with the unit time-like tangent vector e^^^ to 7 at 
P is an instantaneous inertial observer. Let us choose a point P on 7 as the origin of 
an inertial system Ip having 7 as time axis and three orthogonal space-like straight lines 
orthogonal to 7 in P, with unit tangent vectors e^^^, r = 1, 2, 3 as space axes. Let x'^ be a 
Cartesian 4-coordinate system referred to these axes, in which the line element has the form 

ds'^ — rjni.dx'^ dx'^ with rjni, = e(-| ), e = ±1. Associated to these coordinates there 

is a reference frame (or system of reference or platform [2] '^^ ) given by the congruence of 
time-like straight lines parallel to 7, namely a unit vector field u^{x). Each of the integral 
lines of the vector field is identified by a fixed value of the three spatial coordinates x^ and 
represent an observer: this is a reference pom^ according to M0ller [12]. 

A reference frame /, i.e. a time-like vector field l^{x) with its congruence of time-like 
world- lines and its associated 1+3 splitting of TM'^, admits the decomposition 



(7^. = \ (a^ L + a, Q + I (D'^;^ I. + D^;:>^ ^m) - ^ © P^„ 



with magnitude cr^ = -cr^i/Cr'^'', 



1 1 

^ixv = -^^vix = o;" = - (a^ l^ - 1^,) + - (Pj.'') ly - dIJ'^ l^), 

(2-1) 

where is the 4-acceleration, © the expansion cr^i^ the shear and cUf^u the twist 



According to Ref.[2] a reference frame is a platform with a tetrad field defining a tetrad for each observer. 
PfiiA^) ~ Vfj-v — ^Ifiix) l,y{x) is the 3-metric in the rest-frame in the point .x^, i.e. in the tangent 3-plane 
orthogonal to ^^(x); D^^^ is the Levi-Civita covariant derivative on Minkowski space-time. 
It measures the average expansion of the infinitesimally nearby world-lines surrounding a given world-line 
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or vorticity or rotation cr^^i^ and ujfj,^ are purely spatial {a^J'^ — cOf^^l'^ — 0). Due to 
the Probenius theorem, the congruence is (locally) hyper-surface orthogonal if and only if 
^nu — 0. The equation jl^ d^l = defines a representative length I along the world-line 
of l^, describing the volume expansion (or contraction) behaviour of the congruence. 

Another important characterization of a reference frame I is its synchronizability. If we 
define the 1-form ct; = rj^^ ^"^i^) dx^ — l^{x) dx^, then the reference frame I is said to be [39]: 

i) locally synchronizable iff ai A dai — 0, i.e. dai — (3 Aaf, 

ii) locally proper time synchronizable iff dai = 0, i.e. ai = dPf, 

iii) synchronizable iff there are C°° functions h, t from M*^ to R such that ai = hdt and 
eh> 0; 

iv) proper time synchronizable iff ai — dt. 

Since we have ai A dai = <^ oJi — ojfjtv{x) dx^ A dx^ — 0, rotating reference frames, 
i.e. with nonzero vorticity, are not locally synchronizable, i.e. these reference frames are not 
surface-forming (or in other words the 1-1-3 splitting does not imply a 3-1-1 splitting with 
simultaneity surfaces orthogonal to the integral lines in the congruence). Therefore to give 
a reference frame (a congruence) in general does not define a notion of simultaneity and 
an allowed coordinate transformation. In Section V, given a non-synchronizable reference 
frame u^{x), we will show how it is possible to find embeddings z^{T,a) whose leaves 
[not orthogonal to the integral lines of u^{x)] are possible notions of simultaneity related to 
the non-synchronizable reference frame. 

An inertial reference frame is defined as a covariantly constant vector field /, i.e. D^'^^ I — 
, and is identified as (/p, e^^^, x''), A — 0,1,2,3 and for any point Q we have Q — P — 

in the congruence. 

It measures how an initial sphere in the tangent space to the given world-hne, which is Lie transported 

along (i.e. it has zero Lie derivative with respect to l^dfj,), is distorted towards an ellipsoid with 

principal axes given by the eigenvectors of a'^y, with rate given by the eigenvalues of cr'*^. 

It measures the rotation of the nearby world-lines infinitesimally surrounding the given one. 

In general relativity there is no frame / satisfying D^^^ / = 0, so that inertial reference frames do not 

exist. As shown in Ref.[91] in general relativity we can define: i) pseudo-inertial reference frames Q, which 

have all the integral lines in free fall, are non-rotating and at least locally synchronizable [i.e. Dq Q = 
and ag A duQ = 0, where ag = ^^^^(a;) Q^{x) dx^^ if Q = Q^{x) ^f^]; in naturally adapted 4-coordinates 
we have Q = ; ii) local Lorentz reference frames L associated to a geodetic line 7 with associated 

local Lorentz ( or Riemann normal) 4-coordinates, for which only 7 is in free fall, while outside 7 we have 
DlL ^ and ul A daL ^ (not synchronizable); along the geodesic 7 we can build a Fermi- Walker 
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e^*^) e TpM^ . Other inertial systems with origin P are obtained from Ip with global 
rigid Lorentz transformations, while Poincare' transformations describe also a change of 
origin. 

To each time-like observer with world-line a;'^(r) we can associate an orthonormal tetrad 
whose time axis is E!^(t) = Xhe spatial axes are realized with the rotation axes of 

three mutually orthogonal gyroscopes (see footnote 12). The orientation of the gyroscopes 
is a matter of convention. Two widely used conventions are: 

a) the three axes always point the fixed stars (like in Gravity Probe B) and are not 
Fermi- Walker transported; 

P) the three axes point the fixed stars at r = and then are Fermi- Walker transported 
along x'^{r) (standard of non- rotation) . 

About gyroscopes see Ref.[92] and its bibliography. 

As said in the Introduction, according to M0ller [12] the more general admissible coordi- 
nate transformations in special relativity are those transformations ^ = f^{x) [with 
inverse = /i^(t/)] such that the associated 4-metric g^uiu) = ^^qJ'^'^ ^^'^^VaB satisfies the 
conditions (1.1) and the asymptotic conditions at spatial infinity described after Eqs.(l.l). 
In this way we get a new reference frame: the time-like lines of the new congruence are 
identified by = f^{x) — const. Therefore a reference-frame-preserving coordinate trans- 
formation must be of the type y° — f°{x^), — f^{x^). In the new admissible coordinate 
system the simultaneity surfaces are determined by y° — f°{x) — const.: they are space- like 
hyper-surfaces, with the one y° — f°{x) — passing through P. 

As emphasized by Havas [23] the transition from a global inertial system, with its standard 
clock (showing the same proper-time rate when placed at rest at the same place and with 
the proper time equal to the Cartesian coordinate time since r]oo — e and with Einstein's 
synchronization of all the clocks with x° — ct — const.), to arbitrary allowed 4-coordinates 
only means to use arbitrary curvilinear spatial 3-coordinates, non-standard clocks (with the 
proper time - coordinate time connection Si2 = c7i2 = V^dooiv) dy°), a non-standard 
definition of simultaneity {dy° = so that the space-like simultaneity surfaces are defined 
by y° = f°{x) = const.) and (non-rigid) arbitrary reference frames (defined by the time-like 

transported inertial moving frame as a standard of no-rotation. 

The vector fields e^^^(a;) form an orthonormal basis of the tangent spaces TpM'^ and are called an 
orthonormal moving frame. 
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vector field l^{y) describing the field of unit normals to the simultaneity surfaces) as in 
general relativity as emphasized also by Fock [93]. 

Since the line element in the allowed 4-coordinates is ds'^ — g^i,{y) dy^dy'^, in general 
with goi{y) 7^ {non-time- orthogonal metric), the determination of spatial length and the 
synchronization of clocks can be done in two different ways like in general relativity: 

A) globally, but in a coordinate-dependent way, by using the dy° — exact notion of (co- 
ordinate) simultaneity, defined using Einstein's convention, associated to the chosen allowed 
4-coordinates (the 3-1-1 point of view) and the related notion of instantaneous 3-space; 

B) locally, but in a coordinate- independent, by means of light signals by using Einstein's 
convention to define local simultaneity (the 1-1-3 point of view), as done for instance in 
Landau- Lifschitz [11], but with the lacking notion of intantaneous 3-space replaced by the 
local rest frame of some observer. 

Let us compare these two notions of simultaneity and their implications for the syn- 
chronization of clocks and for the definition of spatial distance between different points in 
Minkowski space-time 

A) All the events on the space-like hyper-surface "Eyo, y° — f°{x) — const., are simultane- 
ous, namely simultaneity is realized with the condition dy° — (c dT — y^egoo(y) dy° — 0) 
on the coordinate time. Therefore, there must be a generalization of Einstein's convention 
using light rays implying the possibility to realize the synchronization of all the clocks lying 
on the instantaneous 3-space y°{x) = const. . We will see in Section VI, Subsection A, 
how to define such a generalization. Two simultaneous nearby events A and B will have 
4-coordinates {y"; y\) and {y"; y'^ = y\-\- dy"^) respectively and their (coordinate) spatial 
distance will be 



Let us remark that in each event the coordinate time increment is parallel to the normal 
P(y) to the simultaneity surface through that event. 



Lot us remember that in an inertial system with Cartesian 4-coordinates, all the clocks on the simultaneity 
surface x° = ct = const, are synchronized with Einstein's convention using light signals or, equivalently, 
by slow transport of clocks. This is equivalent to the standard statement of relativity books that the 
absolute chrono-geometrical structure of Minkowski space-time is realized by putting a clock and rods in 
each point with the clocks on the hyper-planes x° = const, synchronized. 
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If the simultaneous events A and B are at finite distance on ayo , to each space-hke path 
V joining them is associated a distance = (Uab, as said in footnote 1, which is 
extremized by choosing the 3-geodesics joining them on E^o. 

B) The usual strategy to define local simultaneity in general relativity (where it works 
only locally for nearby pairs of events due to the gravitational field ^^), as exemphfied 
in Ref.[ll], is the Martzke- Wheeler extension [24], adapted to accelerated observers, of 
Einstein's convention using test fight rays (see for instance Ref.[95]). 

Given an event A with 4-coordinates — f^{x) and proper time 

Ta = - j Vegooiy)dy", (2.3) 

^ Jo 

a nearby (locally) simultaneous event B will have 4-coordinates y'^ — y'^+Ay'^ with Ay° ^ 
determined by Einstein's convention in the following way. 

If A receives a light signal from a nearby event B_ of 4-coordinates y'^ — y^ + Sy^ — 
{y° + Sy^;y'^ + Ay*) with Sy^ < , then SyZ is determined by the condition ds'^ = 
with the result 



(^y- = -A-T ( - 9oi{y) Ay* - e J [g^{y) goj{y) - Qooiy) 9ij{y)] Ay^ Ay^\ = 

9oo\y) \ ^ / 

= Ay* - ^J== J-e (,,(y) - ^-MfM) A,. A,. < o. (2.4) 

Then A re-transmits the signal to a nearby event where the fight signal is absorbed, of 
4-coordinates y^ = y'* 5 y^^ = (y° 5y° ; y' + Ay') with 8y\ > 0. Now ds^ = gives the 
following expression for 5y^ 

Syl = -A-T ( - 9oi{y) Ay* + e J [goi{y) Qojiy) - 9oo{y) 9ijiy)] Ay^ AyA = 

9oo\y) V V / 

= -»=iM Ay' + J-e UAv) - ?^MfM) A,. Ay, > 0. (2.5) 



But for globally hyperbolic space-times the global simultaneity A) of the 3-1-1 point of view can be defined 

and is used [88, 94] in canonical ADM [87] metric gravity. 

The two solutions of rfs^ = arc ly^^-^ = -ff^ A?;* ± \/ \goi{y) gojiy) - 9oo{v) g^jiv)] Ay* AyJ. 

With our conventions on the signature of the metric {egooijj) > 0, —egij{y) > 0), for e = + we get 
> and Sy?-. < 0, while for e = - we get 6y?, > and Sy?_^_■. < 0. This implies Eq.(2.4). 
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Then the coordinate time — y° + Ay° of the (locally) simultaneous event B (in between 
events S_ and B+) is determined by the Einstein convention 



Ay'>'^^l{Syl + 6y'^_) = -^Ay\ (2.6) 

^ 9oo[y) 

This corresponds to replace the exact global simultaneity definition dy° — (or dT — 



c 9oo{y) dy" — 0) given in A) with the local approximate one implied by the vanishing of 
the so-called Einstein synchronized proper-time pseudo-interval 

cAf^./7^)Ay"+ ^^^!^ Ay^'^^,/7^Ay" + A,o^0, (2.7) 

which is not proportional to an exact 1-form (it is not an interval) like it happens for 
cdT — 0. Therefore, with this definition of simultaneity, the statement that two nearby 
events A and B are (locally) simultaneous requires the use of two events S_ and B+ (in the 
past and in the future of B respectively) with the following difference of coordinate time 



Sy" = 5yl-5y"_ = ^J [goi{y) goj{y) - Qooiy) Qijiy)] Ay' Ay^ = 



goo{y) 



Since we can re- write the line element ds^ — g^iuiy) dy^dy'^ as 

ds' = 6 (V^^)dy" + -ii^ dy^) " + (g,,{y) - 9jMfM\ dy^, (2.9) 

the (pseudo-proper) spatial distance between the (locally) simultaneous events A and B 
implied by the local simultaneity notion c AT — is 

aIab = ^-e (ft,(y) - ^^^'^ly^) = ^'iM^t^y^- (2.10) 

This justifies the use of the spatial 3-metric ^'yij{y) = — e [gij{y) — ^°'g^'* fa)''^"* ] signature 
(-1- -|- -|-), which satisfies the analogue of the spatial conditions of Eq.(l.l) [11]. 

In each point, remembering y'* = f^{x) with inverse — h'^{y), we have 
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cAT = 



V^9oo{y) 

e dK{y) 
V^dooiy) dy" 



idh^iy)^yo^dh^^^^ 



Ax''=Uu^{y) Ay^. 



(2.11) 

^^^-^ defines a (in general non-surface- 



The time- like vector field u^(y) = , — „ 

forming) reference frame (1+3 point of view), which in each point is orthogonal to the 
space-like vector 



fdh^^iy) go^{y) dh^{y) 



Ay'^[Si:-eu>'{y)u.{y)]Ax'', (2.12) 



V dy' Qooiy) dy° 
lying in the rest frame tangent plane at A in T^M*^ (the local rest frame i?„). The spa- 
tial distance can be re-written as {AIabY = ^^AB±'n^lu ^^ab± = ^^¥^ {Sy°f = 



[Sy'^ — SyZ]^. This shows that we can define the line pseudo-element with the 
coordinate-independent time-orthogonal decomposition 



{AsAsf = e [c' {ATAsf - {AIab?] ■ 



(2.13) 



However, since the local observer rest frame is not tangent to an instantaneous 3-space, 
we cannot define the spatial distance of non-nearby simultaneous events. In phenomenologi- 
cal calculations Ru is identified with the instantaneous 3-space of the observer (see footnote 
11) and the finite spatial distance of a point P from the observer is defined by considering 
the 3-geodesic joining P to the observer. 

As said in the Introduction, instead of the 4-coordinates y^, it is convenient to use 
the Lorcntz scalar (radar) 4-coordinatcs a"^ = (r, (?) = a^{x) and the embedding (inverse 
coordinate transformation) x'^ = z^{a) = z'^(r,a), naturally adapted to the simultaneity 
leaves E,- of the 3-1-1 splitting. In these 4-coordinates the previous two cases A) and B) are 
re-formulated in the following way 

^° This equation give us a expression of the metric '^7^ (1/) in terms of Sy'^, Sy'L- Instead from Eqs.(2.5),(2.6) 
we get the following expression [28] (Chapter III, Section 40) for (IIab of Eq.(2.2) 

{dlAB? = -egijiy) Ay' Ay^ = -egoo{y) 6y°+ ■ 8y°_. 
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A) We use the synchronization l^ia) dz^{a) — N dr — (synchronizzabihty of the ref- 
erence frame of normals to the simultaneity surfaces), whose associated spatial distance of 
simultaneous events is 



dlAB = V-^9rs{T, a) da^'da^. (2-14) 
B) We use the time-hke 4-vector 

u^{r,a)^^!tfl=, (2.15) 

which defines a reference frame, in general non-synchronizable, and we use the local notion 
of simultaneity (Arg is an Einstein synchronized non-proper-time pseudo-interval) 



cAT = e u^{a) Az>'{a) =^ (^..(a) At + A, = 

z!f{T, a) At + z!^{t, a) Aa"^] = 



eZr^j,[T, a) 
\J^9tt{t, a) 



= Vegrrir, a) At + ^rrM 1/ Ar^ = 0. (2.16) 

y/egrr{r, a) 

Now we get the solutions 5r± = Aa'' ± -;jf^ ^ -e (^Qrs - ^^^) ^f^'' ^^^^ > 0, 
5t- < 0) of ds"^ = 0, so that the Einstein convention becomes 



At'M 1{St^ + St^) = Aa^. (2.17) 

2 grAr, (J) 



By defining 



A/W = (^.^ - ^.") Aa^ (2.18) 
we arrive at the following definition of pseudo spatial distance { 5t — 5 t+ — 5 T-) 



A, 2 f ^ ^\ 9Tr{r,cr)grs{T,(T)\ , 
A^ABX = -e ^rs(r, (7) r~^\ } Aa Aa = 

= ^.,(r,a)Aa'•A<7^ = i^^(5r)^ (2.19) 



Moreover we have [dlAsf' = —^Qrs(j^ da'^ da^ = — e grriT, S) 5r+ 5t_ 
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with the 3- metric ^^rs of signature (+ + +). 

Let us define the one-way velocity of a ray of light according to the two points of view A) 
and B) on simultaneity. A ray of hght has a null geodesic ^''(A) = z^{T{X),a{X)) [X affine 
parameter along the null geodesic] of Minkowski space-time as world-line, defined by the 
condition [use Eq.(2.9)] 



, ,,,, (dT{X)V ^ , ,^^^dT{\) daHX) , ,,,, da''(X) da'(X) 



{dXf 



^yegrr{T,r]{T)) ^ —===== —— 
y/egrr[T,v{T)) 



dr dr 



2 

+ 

\2 



(dXy = 0, (2.20) 



where we have introduced the 3-coordinates f){T) for the light ray by means of 
^^(r(A),a(A)) = z^(r(A), 7/(r(A))). This condition implies 

9rs{r, v{r)) ^ ^ + 2 ^..(r, ff{r)) ^ + ^..(r, fi{r)) = (2.21) 

or 



hr.(r, ni.r)) tm^^l ^e«„(r,,7(r)) + ^1^^ ^1^0. (2.22) 
dT dr \ ^egrr{r,v{T)) dr 



The solution of this equation defines a different one-way direction- dependent coordinate 
velocity of light according to the points of view A) and B): ^ = with the 3- 

direction of propagation n normalized to the unity according to the chosen A) or B) notion 
of spatial distance. 

A) We use the definition of one-way velocity va — implied by Eq.(2.14). We put 
—egrs{T,f){T))n'^^h\ = 1. Eq.(2.21) and its (future-pointing) solution are 
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dr 



2egrr{T,f]{T))hA—^ egrrir,ff{T)) = 0, 

e 9Ts{r, f){r)) h\ + ^J[grs{r,f]{r)) + egrrir, f){r)) 



va{t) 



-e grs (r, r/(r ) ) + \/[^rs(r, r;(r)) + ^gTT{r, f]{r)) 
c dr]A{r) 



= c ■ 



c if 5f^,. = 0. 



(2.23) 



B) We use the definition of one-way velocity vb — implied by Eq.(2.19). We put 
^7rs(7", '^(t)) n^n^ — 1. Eq.(2.22) and its (future-pointing) solution are (see Refs. [12, 23]) 



dr]B{r) 
dr 

dr]B{r) 



^ T 



V e 9tt\J, 77(t)) + ^==== ns , ) = 0, 
Vec/^^(T,77(T)) dr 

9TT{r,f){T)) 



V e grr {r, f){T))-e grs (r, f){r) ) 



dr]B{r) 



— c 



V^9TT{r,ff{T)) 



V^9Tr{r,f){r)) dr ^ e grr{r, fi{r)) - egrs{r,fi{r)) 



rii 



c iigrr^O. (2.24) 

Havas [23] showed that, if we use admissible coordinate transformations = f^{x) 
instead of adapted coordinates cr"^, then the analogue of Eq.(2.24) corresponds to a gener- 
alization of Einstein's convention of the type = a;^_ -|- E (x^^ — x"^ < E <l with 
a position- and direction- dependent E — „ ~_ o in place of the constant E of footnote 
4. Instead in adapted coordinates we get ta — tb_ + £ {tb+ — tbJ), < £^ < 1. See also 
Ref.[21] for the study of this type of non-standard synchrony and of the associated 3-metric 
to be used for measuring spatial distances. 
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Finally the local notion B) of simultaneity and the definition (2.19) of spatial distance 
imply the following null pseudo-interval [see Eq.(2.13)] 



(Asab)' = e [c' {ATabY - {AIab)'] = 0, (2.25) 
and allow to define an invariant isotropic one-way pseudo-velocity 

vab = ~ = c, (2.26) 

AlAB 

even for non-time-orthogonal metrics. This is a formal answer to Klauber's criticism [33], 
but, since [ATab) is neither the proper time of A nor that of B, the interpretation of this 
pseudo-velocity is not clear. 



31 



III. ADMISSIBLE 4-COORDINATES AND THE LOCALITY HYPOTHESIS: 
NON-EXISTENCE OF RIGID ROTATING REFERENCE FRAMES. 

In Ref.[23] Havas proposed the following two examples (the second one is a 
time-dependent transformation) of simultaneity foliations associated with admissible 4- 
coordinates, i.e. whose 4-metric satisfies Eq.(l.l): 



1) 

1 . . . 1 ■ ■ 

y" ^ x" + —f{x'), y" = x\ with inverse = x' ^ y\ 



and with associated 4-metric 



9oo{y) = -c^ goi{y) = ( if 9oi = const., then {goif < c^), 

'-^y^ = -c-dtW ^^^ ^ 



2) 

y° = x° f^ix'), y' = x\ with inverse x° = y° f{y'), x^ = y\ 



and with associated 4-metric 



9oo{y) = -c^ /^ = -y'' / ^, 9iM = 5., - (y'')^ ^ ^. (3.2) 



Both of them are examples of admissible 4-coordinate systems not interpretable in terms 
of comoving observers as required by the locality hypothesis. 



32 



Let us now consider a class of 4-coordinate transformations which implements the idea 
of accelerated observers as sequences of comoving observers (the locahty hypothesis) and let 
us determine the conditions on the transformations to get a set of admissible 4-coordinates. 
Prom now on we shall use Lorentz-scalar radar-like 4-coordinates — (r; a) adapted to 
the foliation, whose simultaneity leaves are denoted E-^. 

As we have said, the admissible embeddings — z^{T,a) [inverse transformations of 
^ a^{x)], defined with respect to a given inertial system, must tend to parallel space- 
hke hyper- planes at spatial infinity. If P = Z^^^ = e^Jf , l"^^^ — e, is the asymptotic normal, let 
us define the asymptotic orthonormal tetrad e^, ^4 = r, 1, 2, 3, by using the standard Wigner 
boost for time-like Poincare' orbits L'^u{l{oo),l{oo)): ^(oo) = (1; 0): = L''a(/(oo), ^(oo)), Vab = 

Then a parametrization of the asymptotic hyper- planes is — x'^ + e'^a^ — x^{T) + e!^ a'^ 
with x^{t) — x^ + ei^T a time-like straight-line (an asymptotic inertial observer). Let 
us define a family of 3-1-1 splittings of Minkowski space-time by means of the following 
embeddings 

z'^{T,a) = < + A^(T,a)e:ia^ = x'^(r) + F''(r, a), 
x'^(T)=< + A^(T,0)e^T, 

F'^(t, a) = [A^(t, a) - A^(t, 0)] r + A^(t, a) e^, (7^ 

A'^,(t, B) -^\3\^oo 5^:, ^ z^{t, a) ^iffi^oo < + = x'^ir) + e>^ o', 

(3.3) 

where K.^i,{t,B) are Lorentz transformations {A^aVni^ ■^'^ p — Va/s) belonging to the compo- 
nent connected with the identity of SO{3, 1). While the functions F'^{T,a) determine the 
form of the simultaneity surfaces E,-, the centroid x'^(r), corresponding to an arbitrary time- 
hke observer chosen as origin of the 3-coordinates on each E^, determines how these surfaces 
are packed in the foliation. 

A variant are the embeddings 
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^'^(r, B) = x^(t) + A^(t, a) e\ x^(t) + e^! t + e(f a'' = x'^(t) + e(f a^ (3.4) 

with x'^(t) = x'^{t) + €^t — €^[t + /(r)] an arbitrary time-like straight- line (an inertial 
observer) not parametrized in terms of the proper time. The only difference now is that the 
asymptotic hyper-planes are no more uniformly spaced like in the case ^'^(t) = -|- e^r 

{z'^ = e'^ ^ ;^^(r) = eni + /W])- 

Since the asymptotic foliation with parallel hyper-planes, having a constant vector field 
l^l _ of normals, defines an inertial reference frame, we see that the foliation (3.3) with 
its associated non-inertial reference frame is obtained from the asymptotic inertial frame by 
means of point- dependent Lorentz transformations. As a consequence, the integral lines, i.e. 
the non-inertial observers and (non-rigid) non-incrtial reference frames associated to this 
special family of simultaneity notions, arc parametrized as a continuum of comoving inertial 
observers as required by the locality hypothesis 

Let us remark that when an arbitrary isolated system is described by a Minkowski 
parametrized theory, in which the embeddings z^{t, a) are gauge configuration variables, 
the transition from the description of dynamics in one of these non-inertial reference frames 
compatible with the locality hypothesis to another arbitrary allowed reference frame, like 
the one of Eqs.(3.1), is a gauge transformation: therefore in this case the locality hypothesis 
can always be assumed valid modulo gauge transformations. 

An equivalent parametrization of the embeddings of this family of reference frames is 

zf^ir, a) = < + A^^(r, a) = < + f/^(T, a) = x"{t) + F^(r, a), 
x'^(r) ^x^ + U!;{t, 0) T, 

F^{t, a) = [U^ir, a) - U^ir, 0)] r + C/,^(t, a) a\ (3.5) 

The second non-inertial and non-surface-forming reference frame (the skew one) associated with these 
embeddings, with vector field 2;^(r, ct)/ i/e grr (t, a) , asymptotically tends to the same asymptotic inertial 
reference frame because z!^{t, a) ^i^i^oo = ^foo) ^'^'^i'''' ^) ~^\9\^oo 0- 
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where we have defined: 



U^ir, = e% A^^(r, a) ^\,\^oo (3.6) 

where = 77^,^ 77^^ are the inverse tetrads. 

A shght generahzation of these embeddings allows to find Nelson's [49] 4-coordinate 
transformation [but extended from (T- independent Lorentz transformations — A'*,^(t) to 
CT-dependent ones!] implying M0ller rotating 4-metric 

^^(t, a) = < + e\ [a^b(t, a) + V\t, a<\ , 

V^{t, a)= I dn A^(ti, a) - A^(t, a) r, 



^^(t, a) = AV(ti, a) - AV(t, a) r. (3.7) 



Let us study the conditions imposed by Eqs.(l.l) on the foliations of the type (3.5) (for the 
others it is similar) to find which ones correspond to allowed 4-coordinate transformations. 
We shall represent each Lorentz matrix A as the product of a Lorentz boost B and a 

— * 

rotation matrix TZ to separate the tmnslational from the rotational effects {(3 — v/c are the 
boost parameters, 7(/3) = Xj^l-^, = (7^ - 1)/7^ B-'^0) = -B(-/3); a, /3, 7 are three 
Euler angles and — i?^) 

9oo = e([(l + ^)^ — ^"gS^^ ), got = — € ^ (w X ;r)% gij = — e 5^, where a is the time-dependent acceleration 
of the observer's frame of reference relative to the comoving inertial frame and w is the time-dependent 

angular velocity of the observer's spatial rotation with respect to the comoving frame; x is the position 
vector of a spatial point with respect to the origin of the observer's accelerated frame. 
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A(r, a) = B0{t, a)) n{a{T, a),/3{T, a), 7(r, a)), 



(i^^ ( ^^^^ ^^^^^^ \ B.) ^ 



cos q; cos P cos 7 — sin a sin 7 sin a cos P cos 7 + cos a sin 7 — sin /? cos 7 

- cos a cos /3 sin 7 — sin a cos 7 — sin a cos /3 sin 7 + cos a cos 7 sin /5 sin 7 

cos a sin /? sin a sin /3 cos /? 

Then we get 



V|det 5f^s(r, ct)| 

(normal to the simultaneity surfaces ), 
where we have introduced the following matrices 
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7{drP'+'-^^) 



7(9r/5"+2^^^^)i?". 



(3.10) 



assumed to vanish at spatial infinity, ^^'^^(r, cr), i7^-|^(r, a) — >|a!|_»oo 0. The matrix Qb de- 
scribes the translational velocity ((3) and acceleration (drP), while the matrix VIr the rota- 
tional angular velocity. 

The z'^^s and the associated 4- metric are 

z^{T,a) = {%)s<^'Ui; + [5^, + ni^^^a^]U^){T,a), (3.11) 



and 



grr{r,a) = ry^, <) (r, a) = 6 ([1 + 0% at - [^^^^ ^^F) (r, a), 

r 

Qrrir, a) = rj,, <) (r, a) = e , [1 + n\ a^] - 
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grs{r, a) = (^z^ r]^^ (r, a) = e - 5rs - [^^(3) a + a] + 

+ %)u%)v'^'''^''-T.^hA%)A'y^'^^){r:B). (3.12) 

U 

— * 

Eqs.(l.l) are complicated restrictions on the parameters /3(t, a), a{T, a), (3{t, a), 7(t, a) 
of the Lorentz transformations, which say that translational accelerations and rotational 

frequencies are not independent hut must balance each o^/ier if Eqs. (3.5) describe the inverse 
of an allowed 4-coordinate transformation. 

Let us consider two extreme cases. 

A) Rigid non-inertial reference frames with translational acceleration exist. An example 
arc the following embeddings, which arc compatible with the locality hypothesis only for 
/(r) — T (this corresponds to A = 5(0) 7^(0, 0, 0), i.e. to an inertial reference frame) 

Qrrir, ct) = e (^^^) , 9Tr{r, B) = 0, Qrsir, a) = -e 5rs- (3.13) 

This is a foliation with parallel hyper-planes with respect to a centroid x'^(r) = x^+e^ /(r) 
(origin of 3-coordinates) . The hyper-planes have translational acceleration x'^(t) = e!jf /(r), 
so that they are not uniformly distributed like in the inertial case /(r) — t. 

B) On the other hand rigid rotating reference frames do not exist. Let us consider the 
embedding (compatible with the locality hypothesis) with A = B{Q) TZ{a{r), P{r),^{r)) and 
x'^(r) = x^-Fe^T 

z^(r,a) = x^(r) + e^fi^^(T)(7^ 

z>^{T,a) = i:'^(r) + e^fi^%(r)a^ ^,^(r) = e^i?%(r), 
Qrr{r,a) = e(i2(r)+2i:^(T)e(fi?%(T)(7^-ei?^(T)i?^(T)(7"a^), 
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grr{r, a) = e (x^(t) i?%(r) - e i?\(r) R\{t) a") , 




eit:\(T)it:",(T), 



(3.14) 



which corresponds to a fohation with parallel space-like hyper-planes with normal l'^ = e^. It 
can be verified that it is not the inverse of an allowed 4-coordinate transformation, because 
the associated grri'T, ^) has a zero at 



with (7r ^ oo for — > 0. Ki a = (Tr the time-like vector zl^{T,a) becomes light-like 
(the horizon problem), while for an admissible foliation with space- like leaves it must always 
remain time-like. 

This pathology (the so-called horizon problem) is common to most of the rotating coordi- 
nate systems quoted in Subsection D of the Introduction. Let us remark that an analogous 
pathology happens on the event horizon of the Schwarzschild black hole. Also in this case 
we have a coordinate singularity where the time-like Killing vector of the static space-time 
becomes light-like. For the rotating Kerr black hole the same coordinate singularity happens 
already at the boundary of the ergosphere [96] . Also in the existing theory of rotating rela- 
tivistic stars [97] , where differential rotations are replacing the rigid ones in model building, 
it is assumed that in certain rotation regimes an ergosphere may form [98]: again, if one 
uses 4-coordinates adapted to the KiUing vectors, one gets a similar coordinate singularity. 

In the next Section we shall consider the minimal modification of Eq.(3.14) so to obtain 
the inverse of an allowed 4-coordinate transformation. 



We use the notations ct = aa, a = j1 = O O, ct^ = fi^ = 1, O" = -ie"''* {RR-^Ys, 6(f (r) = ii/(r). 
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1 



x,{r) b^{r) (a x Q(t))^ + ^Jx^{T) + [x,{t) W{t) {& x ^(t))^]^ 1 , (3.15) 



(7 = 



IV. THE SIMPLEST NOTION OF SIMULTANEITY WHEN ROTATIONS ARE 
PRESENT. 



Let us look for the simplest embedding x'^ = z^{t, a), inverse of an admissible 4-coordinate 
transformation ^ compatible with the locality hypothesis, which contains a rotating 
reference frame, with also translational acceleration, of the type of Eq.(3.12). The minimal 
modification of Eq.(3.12) is to replace the rotation matrix R{t) with R{T,\a\), namely 
the rotation varies as a function of some radial distance \a\ {differential rotation) from 
the arbitrary time- like world-line x'^{t), origin of the 3-coordinates on the simultaneity 
surfaces. Since the 3-coordinates are Lorentz scalar we shall use the radial distance 
a = \a\ = s/Srs 0"'' o"*, so that a'' = a a'' with 5rs cy^ o-^ = 1- Therefore let us replace Eq.(3.12) 
with the following embedding 

zi'ir, a) = x^{t) + R\{r, a) a' =^x'^(t) + 6Jf (r, a) a\ 
R's{T,a)^a^oo5l, dAR's{r,a)^a-^ooO, 

b^,{r,a) = e^i?%(T, a) ^,_ooe^ 77^. (r, a) = -e5.,. (4.1) 

Since 2;^(t, a) — dr [R^ui'T, cr) cr"], it follows that the normal to the simultaneity surfaces 
is P = e^, namely the hyper-surfaces are parallel space-like hyper-planes. These hyper- planes 
have translational acceleration x^{t) and a rotating 3-coordinate system with rotational 
frequency 



R-\r,a) 



dr 



.0, 
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il^ (r, cr) — drP sin 7 — dra sin /3 cos 7 



Q^(t, cr) = cos 7 + 9t-q; sin /3 sin 7 (r, cr), 



0^(t, cr) — dr'f + Ot-u cos P (t, cr). 



(4.2) 



In the last three hnes we used Eqs.(3.8) to find the angular velocities. Moreover we can 
define 



R ^ dr R 



[t, a) = 2a' 



0-1 dR 



.0, 



(4.3) 



As a consequence we have 



^^^(t, a) = iV(r, a) P + N'{t, a) zi^{T, a) = 



i;'^(r) -e"""Q"(T, a) 6(;(t, cr) (j^ 



= x'^(t) - (a X 0(T,a))'-6Jf(T,(7)^,^ooi'^(T), 



z,^(r,c7) = 



RMT,a)+drR\{T,a)a' 



(4.4) 



and then we obtain 
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grr{T,a) = x\T)-2x^{T)h>::{T,a){axn{T,a)y -e{axnf 



Qrrir, a) = Qrs (t, a) = 



(4.5) 



The requirement that gTT{T,ff) and gTriT,^) tend to finite hmits at spatial infinity puts 
the restrictions 



\n{T,a)\, |nf,),(T,a)| ^,^ooO(<7-^'+^^ ^>0, 



dAR''sir,a) ^^^oo 0(a-(i+'')), ^ i?%(r, a) ^.^^^ 0(a-(i+'')), 



z^^(T,a) ^,_oo i'^(T) + 0((7-''), 



7V^(T,a)z^f(T,a) ^,_oo -ei:,(T)e,^e^ + 0(a-(i+^^)), 



^^-(r,^) ^,^00 -e5'-^i;.(T)6^ + 0(a-''), 
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N{t, a) P = [zt^ - z'^]{t, a) ^,^00 e [x,{t) r] P + 0(a-''), 

grr{r,a) ^a^oc i;^(T)e(f + 0((7"''), 

9rs{r,a) ^a^oo -e6rs + 0{a~''). (4.6) 

Let us look for a family of rotation matrices BJ" sij-i c) satisfying the condition e gTri^, B) > 
of Eqs.(l.l). 

Let us make the ansatz that the Euler angles of R{a,f3,'y) have the following factorized 
dependence on r and a 

a{T, a) = F{a) a(r), /3(t, a) = F{a) /3(r), ^{r, a) = F{a) 7(r), (4.7) 

with 

F{a)>Q, ^^7^0, F{a)^^^^0{a-^^+^y). (4.8) 

We get 
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n\T,a) = F{a) (^(r) sin 7(r)] - ci(r) sin /3(r)] cos 7(r)]) , 



fi^(T,(7) = F{(7) (p{T) COS [F((7) 7(t)] + 5;(t) sin [F((7) ;3(t)] sin [^(cr) 7(t)]) , 

= F(a)(^(r) + ci(r) cos /3(r)]) , 

< Q(r,(7) < 2 max (^(5(t), ;3(t), ^(r)) =2 Mi. (4.9) 



def 

Since l'^ — eif: — bif: and 6^(t, ct) form an orthonormal tetrad [&^(t, ct) 77^,^ b'^{T, a) — tjab], 
let us decompose the future time-like 4- velocity x^{t) on it {vi{t) is the asymptotic lapse 
function) 



r 

vi{t) = ei;^(r)P>0, i;^(r, a) = ei;^(T) 6^(r, a), 
ei:2(r) = vfir) - ^ ^.^(r, a) > 0, ^ ^ v',{t, a) = ^/^(r, a) ^ ^/^(t) < (r), (4.10) 

r r 

We add the condition 

\v{r)\<^-^, K>1. (4.11) 

This condition is shghtly stronger than the last of Eqs.(4.10), which does not exclude 
the possibility that the observer in = has a time-like 4- velocity i'''(r) which, however, 
becomes light-like at r = ±00 The condition (4.11) excludes this possibility. In other 
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This is the case of a (non-time-Uke) Rindler observer with uniform 4-acceleration, see Ref. [99] 
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words the condition (4.11) tell us that the observer is without event-horizon, namely he can 
explore all the Minkowski space-time by hght-signal. 

Then the condition egrr{T,a) > becomes 



= c2(r) - 2 6(t, a) X{r, a) - a\r, a) X\r, a) > 
where we have defined 



(4.12) 



c\t) = ex^T) = vfir) - v\t) > 0, c^(t) > 



X2 



r- -If 

b{T, ct) = ^ Vr{T, a) ax h{T, a)^ , 



vi{t) 



\b{T,a)\ < \v{t)\ < vi{t), or |6(r,a)| < K > 1, 



r 1 2 

a2(r,CT)= axh{r,a)\ > 0, a^(T,CT)<l, 6^(t, ct) + a^(T, cr) c^(t) > 0, 



X{T,a) = aF{a)h{T,a). 



(4.13) 



The study of the equation X"^ + 2b X - c"^ = A"^ {X - X+) {X - X_) = 0, with solutions 
-'^it = {—bi: vP + c?c^), shows that egrr > implies X_ < X < X+; being X_ < and 
X > [see Eq.(4.9)], we have that a half of the conditions (X_ < X) is always satisfied. 
We have only to discuss the condition X < X+. 

Since —Vi/K < b < Vi/K, when b increases in this interval Xj^ decrease with b. This 
implies 

so that > vf implies that we will have Qrr > HO < X < (^1 + (^2 - 1) a^-l), 
namely if the function F(a) satisfies the condition 
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\F{a)\ < ^-^^ (^l + {K^-l)a^{T,a)-l) ^ g{a'). 

Since < 1 and g{x) — {l/x){^Jl + {K'^ — l)x — 1) is decreasing for x increasing in the 
interval < x < 1 > 1), we get g{a^) > g{l) — K — 1 and the stronger condition 

\F{a)\<^^{K-l). 

The condition (4.9) on the Euler angles and the fact that Eq.(4.11) imphes mini;i(r) = 
m > lead to the following final condition on F{a) 



0<F{a)< ^ (K-1) = J-, ^^0, 



TTl 

or \dra{T,a)l\drl3{T,a)l\dr-i{T,a)\ < ——{K-1), 

z K a 



or |f7^(r,a)|<^(i^-l). (4.14) 

A a 



This means that, while the linear velocities x^{t) and the translational accelerations 
x^{t) are arbitrary, the allowed rotations R{a,(3,^) on the leaves of the foliation have the 
rotational frequencies, namely the angular velocities Q^(r, cr), limited by an upper bound 
proportional to the minimum of the linear velocity vi{t) = ^//(t) P orthogonal to the parallel 
hyper-planes. 

Instead of checking the conditions (1.1) on grs{T, a), let us write 
z'(r,a) = ^i{r,a)l^-J2Ur,^)e'f, 

r 

ii{T,a) - e^^(r,a)P = ea;^(r)P = a;;(r), 

Ur.B) = ez^(T,a)e(f = ex^(T)e^ + i^^(T,(7)(7^ = x,,(r)+i?^(T,(7)(7^ (4.15) 
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so that we get 



dr 6 {t, ^) = {t) ^ 'Vi {t) , dr Ci (t, a) ^0, 
du Cr(r, a) = R\{t, a) + 9„i?%(r, a) = 

and let us show that = (r, a) ^-^ {^i{t, a),^r{T, a) ) is a coordinate transformation with 
positive Jacobian. This will ensure that these foliations with parallel hyper-planes are defined 
by embeddings such that i-^ — z^{r, a) is the inverse of an admissible 4-coordinate 
transformation t-^ a^. 

Therefore we have to study the Jacobian 

Jir,^) - [2§^ ^J^) = [ 0. {Rir,a)Mir,a)) 

det J(t, a) = vi{t) det R{t, a) det M(t, a) = vi{t) det M(t, a). (4.17) 

To show that det M(t, ct) 7^ 0, let us look for the null eigenvectors Wr{T, a) of the matrix 
M(t, a), Mrs{r, a) Ws{t, a) = or W^(t, a) -$„„(t, cr) ^ iy,(r, a) = [see Eq.(4.3)]. Due 
to = — ^TO, we get (T* Ws(t, ct) = and this implies Wr{T, a) — 0, i.e. the absence of null 
eigenvalues. Therefore det M(t, ?) 7^ and an exphcit calculation shows that det M(r, a) — 
1. As a consequence, we get det J{T,a) = vi{t) > 0. Therefore, 1— > a"^ is an admissible 
4-coordinate transformation. 

Since in Eq.(4.1) x^{t) is interpretable as the world- line of an arbitrary non-inertial time- 
like accelerated observer, these allowed fohations with parallel space-like hyper- planes {not 



{u)w 



V, a) 



s: + 



^uv{r, cr) 



def 



R{T,a)M{ 



r, a 



(4.16) 
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orthogonal to the world-line) define good notions of simultaneity, replacing the attempts 
based on Fermi coordinates, for an accelerated observer with arbitrary time-like world-line 

Let us remark that the congruence of time-like world-lines associated to the constant 
normal l^ defines an inertial reference frame: each inertial observer is naturally endowed 
with the orthonormal tetrad 6^ = {l^; el,!:). 

Let us consider the second skew congruence, whose observer world-lines are 
x^(t) = z^{T,a), and let us look for an orthonormal tetrad V^(r, ct) = 
{zi^ir, a) I \J e g-j-rij ^ a); VJ^(t, a)) to be associated to each of its time-hke observers. Due to 
the orthonormality we have V^(t, a) = A'^,^=^(r, a) with A(r, a) a Lorentz matrix. There- 
fore we can identify them with SO {3, 1) matrices parametrized as the product of a pure 
boost with a pure rotation as in Eqs. (III8). If we introduce 



Erir, a) = {E^{t, a)} = R'-^{a^{T, a), /5^(t, a), 7^(r, a)) 



we can write 



dEJr, a) def ^ , . - . 

^ = - "^rnir) X Er{T, (j) , 

B^\UT,a)) = + fy;^\''^\ pUr,^)PUr,^), (4.18) 

7(/?m(T, a)) + l 



1 Pm{T,a)-Er{T,a) 



We stress that for every observer x^{t) the choice of the ^/^(t, ct)'s, and therefore also 

— * 

of the Er{T, ct)'s, is arbitrary. As a consequence the angular velocity Qmi'^) defined by the 
second of the Eqs. (4. 18) is in general not related with the angular velocity (4.2) defined by 
the embedding. On the contrary, the parameter /^^(r, a) is related to the embedding by the 
relation /3^(t, a) = z\{t, a)/z°{T, a). 

For every observer x^{t) of the congruence, endowed with the orthonormal tetrad 
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(4.20) 



Using the (4.19) we obtain [y{T, a) = 1/y 1 — /3^(r, a), Pmi'T, ?) = dPrn{T, a)/dT 



r 



7 + i 



Y 



7 + 1 



^^^^{Pm ■ Es){Pm ■ Ey) 



r, a 



(4.21) 



Therefore the acceleration radii (see Subsection C of the Introduction) of these observers 



are 



> + 1" 



ujI + 2^Qm ■ {L X Pm) + l\l - 2) I' ^' ^ 



7 + 1 



— * — * ^ 



7 + i 



(4.22) 



The non-relativistic hmit of the embedding (4.1) can be obtained by choosing = (0; e]). 
We obtain a generalization of the standard translating and rotating 3-coordinate systems 
on the hyper-planes of constant absolute Newtonian time 



t (r) = t(r), 
z\T,a) = a:*(r) + e;i?%(r,a)a^ 



(4.23) 



without any restriction on rotations, namely with R — R{t) allowed. 
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V. NOTION OF SIMULTANEITY ASSOCIATED TO ROTATING REFERENCE 
FRAMES. 



In this Section wc consider the inverse problem of finding a fohation of Minkowski space- 
time with simultaneity surfaces associated to a given arbitrary reference frame with non-zero 
vorticity, namely to a time-like vector field whose expression in Cartesian 4-coordinates in 
an inertial system is u'^{x) with u^{x) — e. In other words we are looking for embed- 
dings z'^{T,a), inverse of an admissible 4-coordinate transformation, such that we have 
W{z{T,a)) — u^{T,a) — zf^ (r, a)/ ^Je Qrr {t, a) . Let us remark that if the vorticity is zero, 
the vector field u'^{x) is surface-forming, there is a foliation whose surfaces have the normal 
field proportional to u^{t, a) and these surfaces automatically give an admissible foliation 
with space-like hyper-surfaces of Minkowski space-time. 

Let us first show that, given an arbitrary time- like vector field u'^{x), the looked for 
foliation exists. Let us consider the equation 

^ = (8-1) 
where s{x) is a scalar field. This equation means that s{x) is constant along the integral 
fines x'^{s) [dx^{s)/ds — u^{x{s))] of the vector field, i.e. it is a comoving quantity, since 

ds(x(s)) ,,, , -.^ ds , , , , 

^^ = ^''W^))^W^)) = 0- (5-2) 

Since Eq.(5.1) has three independent solutions s^'^\x) , r = 1,2,3, they can be used to 
identify three coordinates cr'^(x) — s'^'^\x). Moreover the three 4- vectors are space-fike 

by construction. 

Since Minkowski space-time is globally hyperbolic, there exist time-functions t{x) such 
that i) t{x) — const, defines space-fike hyper-surfaces; ii) is a time-fike 4-vector. 

As a consequence we can build an invertible 4-coordinate transformation x^ ^ a^{x) = 
(r(x), a^{x)), with inverse = (r, a^') h-> = z^{t, a) for every choice of t{x). It can be 
shown that we get always a non-vanishing Jacobian 



Let us show that the equations 
imphes a = Pr = 0- If we multiply for u^{x), we get au^{x) = 0. But and u'^{x) are both 
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'(9r(a;) da^{x 

J — uei I 

By using 



and Eq.(5.1) we get the desired result 



a{x)) = vii: (5.4) 



Given a unit time-like vector field u^{x) = u'^{t, a) such that u'^{t, a) -^\ff\^c<>'n'^{T) and 
^^g^Jr'^^ — >|o!|_+oo 0, to find the embeddings z'^{t, a) we must integrate the equation 

= /(r, a) u^(r, a), u\r, a) = e, (5.6) 

where /(r, a) is an integrating factor. 

Since Eq.(5.6) implies eg'i-^(T, ct) = p{T,a) > 0, the only restrictions on the integrating 
factor are: 

i) it must never vanish; 

ii) /(t, ^) ^laHoo fir) finite. 

The integration of Eq.(5.2) gives 

J o 

zi^{r,a) = drg{a)+ r dndr[fin,a)u^ir,a)], 

J o 



time-like with u'^{x) ^^j^ ^ 0, so that we get a = 0. We remain with the equations Pr ^gj^'^^ — 0, which 
imply /3r = since the ^gj^^^ are independent by construction. 
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grr{r,a) = f{T,a)ui^{T,a) dr g{a) + / 9^ [/(n, a) m''(t, a)] 



o 



|aHoo/('r)%(r) lim dr g{a) , 



(5.7) 



where g{a) is arbitrary and we have assumed that the integrating factor satisfies 
drfir, B) ^i^i^ooO. 

For the sake of simphcity let us choose g{a) — e^cr'' with the constant 4- vectors 
belonging to an orthonormal tetrad e^. Then grriT-i B) has the finite limit /(r) ^/^(t) e^. 
With this choice for g{a) we get 



Since u'^{T,a) and e^' are future time-like [eu°{T,a) > 0, ee° > 0], we have u'^{T,a) = 
e a(r, a) ef^ + 6r(r, a) with a(r, a) > and without zeroes. 

Let us determine the integrating factor /(r, a) by requiring /^^(t, a) = as a consequence 
of the equation 



zi;{T,a) = [Srs + ars{r,a)]e'^ + Pr{r,B)ei 





(5.8) 
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= edr [/(r, a) e^^ 'u''(t, a)] ^ /(r, a) dr a{T, a) + dr /{t, a) a{T, a), 

J o 

Qrs^T-i ^ ( ^rs 

+ a^,(r, a) + a,^(r, a) + ^ a^„(r, a) a,„(r, a) J . (5.9) 



Let us choose the arbitrary function C(r) = e'^^^-' so small that \aj.a{T, a)\ « 1 for every 
r, s, T, CT, so that all the conditions on g'rs(T, B) from Eqs.(l.l) are satisfied. 

In conclusion given an arbitrary congruence of time-like world-lines, described by a vector 
field u^{x)^ an embedding defining a good notion of simultaneity is [x^{t) =^ z^{t^ 0)] 



a 



J o 

= x^{t) -f a'- + [ dn C(ri) e,, [^"(ri, a) M^(ri, a) - ^"(r, 0) M^(r, 0) 

Jo 

(5.10) 

for sufficiently small C(r). Here is an arbitrary orthonormal tetrad. 
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VI. APPLICATIONS. 



In this Section we shall apply the 3+1 point of view to the description of GPS, to the 
problem of the rotating disk and of the Sagnac effect, to the determination of the time delay 
for hght propagation between an Earth station and a sateUite and finally to Maxwell theory. 

A. The Global Positioning System and the Determination of a Set of Radar Co- 
ordinates. 

In Eqs.(4.1) we gave a family of embeddings — z^{t, a) defining possible notions of 
simultaneity, i.e. admissible 3+1 splittings of Minkowski space-time with foliations with 
space-like hyper- planes E,- as leaves, to be associated to the world- line x^(t) of an arbitrary 
time-like observer 7, chosen as origin of the 3-coordinates on each simultaneity leaf E,-, i.e. 
x'^{t) = z^{t, 0). The space-like hyper-planes E,- are not orthogonal to 7: if P = is the 
normal to E-^ we have L f'"^"^-' 7^ e except in the limiting case of an inertial observer with 
4- velocity proportional to l'^. 

If T is the scalar coordinate-time of the foliation, the proper time of the standard atomic 
clock C of 7 will be defined by dTj — ^ e Qrri'^, 0) dr [x'^{t) — x'*(7^)]. This defines 7^ = 
J-'yir) as a monotonic function of r, whose inverse will be denoted r = GC^j)- Moreover, we 
make a conventional choice of a tetrad (^j)E'^{t) associated to 7 with (^)£J^(t) = j'^^^J . 

■\ySx (r) 

Let us consider a set of N arbitrary time-hke world-hnes xf{T),i — l,..,N, associated to 
observers 7^, so that 7 and the 7j's can be imagined to be the world-lines of A^ + 1 spacecrafts 
(hke in GPS [60]) with 7 chosen as a reference world-line. Each of the world-hnes 7^ will 
have an associated standard atomic clock Cj and a conventional tetrad (^.)i?^(r). 

To compare the distant clocks Q with C in the chosen notion of simultaneity, we define 
the 3-coordinates rfj(T) of the 7^ 

xf{TpZ^{T,m)- (6.1) 

Then the proper times 7^. of the clocks Cj will be expressed in terms of the scalar coordinate 
time r of the chosen simultaneity as 



dTj. — \ j e 



grAr, ffiir)) + 2g^r{r, mir)) fi^'ir) + grs{r, ffi{T)) f]''{T) fj^ir) dr, (6.2) 
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so that with this notion of simultaneity the proper times 7^. are connected to the proper 
time 7^ by the following relations 



1% 



' grrir, f]i{T)) + 2g^r{r, f]i{r)) ff-^T) + Qrsir, f]i{T)) vilir) f}f{T) 



9tt{t, 0) 



dT^. (6.3) 



This determines the synchronization of the + 1 clocks once we have expressed the 3- 
coordinates ^/^(t) in terms of the given world- lines x^{t), x^{t) and of the embedding (4.1). 
From the definition 



<(r) = z^{TMr)) = x^{r) + ejf i?%(T, %{T)\)nl{T), 



we get U{t)\''^ y/5rsVl{r)r]t{r), vl{r) = \m{T)\n\{T), 5,, n[(r) n,^(r) = 1] 



(6.4) 



w 

Then, if we put the solution 



of the equations 



(6.5) 



(6.6) 



\m? = J][i?-^(r,|77,(r)|)]'-„[i?-^(r,|77,(r)|)]\ 

mn 

into Eqs.(6.5), we obtain the looked for expression of the 3-coordinates r7i(r) 



(6.7) 



. r -\u 

liir) = - E [R'\r,Fi[el{xUr) - Xa{T))])\ e^; [a:,.(r) - a;.(r)]. (6.8) 



We will now define an operational method to build a grid of radar 4-coordinates associated 
with the arbitrarily given time-like world- line x^{t) of the spacecraft 7 and with an admis- 
sible embedding z^{t, a) (we use Eq.(4.1) as an example), by using hght signals emitted by 
7 and reflected towards 7 from the other spacecrafts 7^. This will justify the name radar 
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4-coordinates and will show how the simultaneity convention (4.1) deviates from Einstein's 
convention. 



To this end, given an embedding — z^{t, a) of the family (4.1) and one of its simul- 
taneity leaves with the point Q of 4-coordinates x^{t) on 7 as origin of the 3-coordinates 
a, let us consider a point P on E,- with coordinates 2;'^(t, a) (for a — ifiir) it corresponds to 
the spacecraft 7^). We want to express the adapted 4-coordinates r = t(P), a — B{P) of P 
in terms of data on the world-line 7 corresponding to the emission of a light signal in at 
r_ < T and to its reception in (5+ at t+ > r after reflection at P. 

Let x'^{t-) be the intersection of the world-line 7 with the past light-cone through P and 
x'*(t+) the intersection with the future hght-cone through P. To find t± we have to solve the 
equations Aj_ = [x'^{t±) — z^{t, a)Y — with A^^ = x^{t±) — z'^{r, a). We are interested in 

— * — * 

the solutions A° = |A+| and A° = — |A_|. Let us remark that on the simultaneity surfaces 
E^ we have x°{t) ^ z°{t, a) for the Cartesian coordinate times. 

Let us show that the adapted coordinates r and a of the event P with Cartesian 4- 
coordinates z^{t, a) in an inertial system can be determined in terms of the emission scalar 
time T- of the light signal, the emission unit 3-direction h(r_)(0{T_), (P{t^)) [so that A'^ — 
I A_| (— e; ^(t- )) ] and the reception scalar time r+ registered by the observer 7 with world- 
line a;'^(r). These data are usually given in terms of the proper time T(r) of the observer 7 




Let us introduce the following parametrization by using Eqs.(4.1) 




x^{T)+e'^R\{T,a) a- 



.s 



def 



e^r, a) P + r(T, a) e(f 



a;,(r)P + J]K(r) + C(r,a)]e^f , 



r 



6(T,^) 



ez^{T, a) P = ex^ir) P = xi{t), 



56 



r(T,a) = ez^(T,a)e(f = <(r)+nr,a), 



<(t) = ex^ir) e^f, a) = R\{t, a) a' ^,^00 (J^ (6.9) 

Then the two equations A| = [a;^(r±) — 2;''(r, a)]^ = e{[xi{r±)—xi{T)]'^ — [Xf:{T±)—x^{T) — 
C(t, ?)]^) = can be rewritten in the form 

xi{t+) = xi{t) + |A+| = xi{t) + \x,{t+) -f(r,a)|, 

|A+| = \Xe{T+) - ^(r, a)\ ^a^oo \xe{r+) - Xe{r) - a\, 

— * — * 

X/(t_) = Xi{t) - |A_| = Xi{t) - \Xe{T-) - ^(t, ct) | , 

|A_| = \x,{t_) - f(r, a)| ^<,^oo |^e(^-) - ^e(r) - a|. (6.10) 

It can be shown [100] that, if no observer is allowed to become a Rindler observer [99], 
then each equation admits a unique solution t± = T±{t, a). 
Therefore the following four data measured by the observer 7 

T± = T±(r, a). 



^"^ If we introduce the function 

g±{y) = xi{y) - xi{t) ± \xe{y) - |(r,CT)|, 

Eqs. (6.10) are equivalent to g±{y) = 0. The solution is unique because the functions g±{y) are decreasing 
in y, since we have 

Using Eq.(4.11) in the form 

r \Xe{y)-i{T,a)\ 

we get < 0, since vi{y) > 0. 
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^(r_)(6'(T_),0(T_)) = (^sin 6'(r_) sin 0(r_),sin 6'(^_) cos 0(^_),cos 6'(r_)) 



A_ 



Xe(r_) -fe(r) -C(t, ct) 



|A_| |fe(T_) - f,(T) - C(t, ct) 



= m(T,a), (6.11) 



r_=T_(T,a) 



can be inverted to get the adapted coordinates t{P), (t{P) of the event P with 4-coordinates 
z^{t, a) in terms of the data (Einstein's convention for the radar time would he S = \) 



t{P) = T(r_, r+) =V +£{t_, n(r-),r+) [t+ - r_], 



a{P) = ^(t_, ri(,_), T+) 0. (6.12) 

Let us remark that 

i) for a;^(r) =tI^^ (inertial observer with world-hne orthogonal to E^; x^{t) = 0) we get 
the Einstein's convention for the radar time, because we have 



- 1 - 1 

T± = T± |C(t,ct)|, T = -(r+ + T_), (7= |C(T,a)| = -(t+ -T_), 

^ = ^> r(^, ^) = {r+ - r-) 

= ^'^ = ^(r+-r-)(i?-%(^i^,^^)n^._); 

ii) for a;''(T) = r + e^a^] (inertial observer with world-line non- orthogonal to E,-; 
Xeir) — TO,), after some straightforward calculations, we get 



T± = T + 



l-O^ 



1 

2 

1 

2 



T+ + T_ + 



1 + 



- a ■ C(t, a) ± V (a • C(t, a))2 + (1 - a^) a^J , 
T+ - T_ / a? + a • "| 



l-a?V I + a? - a* + {3 - 2 a?) a ■ h(^r-)^ 
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|C(T,a)| ^l + a2 + 2a-n(,_) 1 



a2 



+ (3 — 2 a^) a • n(7- 



r+ — r_ / + a • nf,- ■) 

r+ + r_ + + ' ^ 



l-a2 Y l + o" -a^ + (3-2a2)a-n(^_) 



1. _ . / l + a^ + 2a-n(^_) \ + 

2 Y l + a2-a4 + (3-2a2)a-n(^_)/ 1 - ' 

iii) for non-inertial trajectories x^{t) — /{r) + g'^{T) [e [P{t) — g'^ir) g'^{T)] > 0] 

— * 

the evaluation of S and Q cannot be done analytically, but only numerically. 

Let us now consider an infinitesimal displacement 5z^ = z^{t + St, a + Sa) — z^{t, a) of 
P on to P' on The event P' will receive light signals from the event Q{t- + 5t-) 

on 7 and will reflect them towards the event (5(t+ + (5t+) on 7. Now, using = 0, we have 
A^" = A^ + x^'{t±) 5t± - Szi^ and A^^ = 2 A^^ [xix(r±) 5t± - Sz,,] + (higher order terms) . As 
a consequence we get (see Ref.[44]) 



(9r± A 



dzt" A± ■ x{t±) ' 

with eA+-A_<0, ei;(T+) • A+ > 0, ei;(T_) • A_ < 0. (6.13) 

Since is a time-like 4- vector orthogonal to E,-, it must be proportional to the normal 
P to the space-hke hyper-planes of the fohation (4.1) till now considered. For a general 
admissible fohation we have (from = we get A_ • — and then A^ = 0; 
instead in general A'^ 7^ 0) 
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dTjP) 



dS 

l-£ + (r+-r_) 



+ 

+ (r+ - T_ 
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+ 

dr. 



+ 



8^1 



A 



+ 



d£ dn{r_) 



+ 



+ 



/ (9r(P) x2 



A+ ■ A_ 



A+ • :i(r+) A_ ■ i;(r_) 
l-£ + (r^--r_) 



9t_ 



+ (t+-t. 



9^ 



+ 2 (t+ - r_) f + (t+ - r. 



1 88 Ah 



9n 



A+ ■ x{t+) 



dzt" 
>0, 



/or et;ery t_ , 6'(^_) , , r+. 



(6.14) 



This is the condition on the function £(r_, n(7-_), r+) to have an admissible fohation. 
Since e — ./^Va" ■/ — r > 0, in the special case = it must be 

A+-X(T+) A--x{t-) ' -"^ "'f'-(T_) 



^ + (r+-r_) 



1-£+(t+-t_) 



9g 



>0, 



^ + (^+-^-)^7^0' l-£:+(r+-r_)^^0. (6.15) 



Finally the functions 8 and ^ must have a finite limit for t± — > ±oo, i.e. at spatial 
infinity on E,-. 
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Given the world-line x^{t) of an observer 7 and four functions < £^(t_, ri(T-_), t+) < 1 and 
^(t_, 7t,(t-_), T+) -^T+->-T- 0, with £ satisfying Eq.(6.14), we can build the admissible adapted 
4-coordinates r, of a 7-dependent notion of simultaneity, because Eqs.(6.14) and (6.15) 
ensure that the surfaces are space-like since their normal is everywhere time-like. 

To reconstruct the embedding associated to this notion of simultaneity we must invert 
the Jacobian matrix — ^"^q^P and find the matrix h'\ — ^^g^P satisfying the conditions 
^t^B — ^B: b^^A — Then by integrating ^^^P we get the associated embedding 

— z'^{T,a). Let us remark that for cr — > 00 6^ must tend in a direction-independent 
way to the asymptotic tetrad associated to the asymptotic space-like hyper-planes of any 
admissible foliation. As a consequence = ^'^gjP must tend to the asymptotic cotetrad 
e^. This is a condition on the admissible functions S and Q. 

If we call |A_| the light distance of on •y to P and |A+| the light distance of P to 
on 7 (see Section 4 of Ref. [21]) wc get the following two one-way velocities of light (with 
c = 1) in coordinates adapted to the given notion of simultaneity 



|A_| |A_| 27?|A| ^ ^ 

c_ = = — ^ = — fromQ-toP, 

|A+| |A+| 2(1-7?)|A| 

^ ^ ^ (l-g)(r,-r_) = (l-g)(r,-r_) ' fromPtoQ^, 

|Ar=^^(|A^| + |A_|), l^-l (6.16) 

2 |A+| + |A_| 

If Cr = is the isotropic average round-trip r-coordinate velocity of light, we get 

r = r r = H r 

If x^{t) is a straight-hne (inertial observer) we can adopt Einstein's convention S — ^, 
i.e. t{P) — I (t+-|-t_) and \a\ — \Q\ — ^ (t+ — r_) (hyper-planes orthogonal to the observer 

— * — * , 

world-hne). This implies |A+| = |A_| and rj — ^. 

Instead, if we ask Cr — c+ — C-, i.e. isotropy of light propagation, we get £ — rj. This 
shows that once we have made a convention on two of the quantities spatial distance, one-way 
speed of light and simultaneity, the third one is automatically determined [21]. 

In general relativity on globally hyperbolic space-times, we can define in a similar way 
the allowed global notions of simultaneity and the allowed one-way velocities of test hght. 
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Then the knowledge of the factor E associated to an allowed notion of simultaneity will 
allow an operational determination of the 4-coordinates (r, a) adapted to the chosen notion 
of simultaneity with simultaneity surfaces r = const, as radar coordinates. This is a step 
towards implementing the operational definition of space-time proposed in Refs. [8, 9] . The 
lacking ingredient is an operational confrontation of the tetrads (^.)£'^(r) with the tetrad 
(^)i?^(r) of the reference world-line: this would allow a determination of the 4-metric in the 
built radar 4-coordinates and a reconstruction of a finite region of space-time around the 
N + 1 spacecrafts of the GPS type, whose trajectories are supposed known (for instance 
determined with the standard techniques of space navigation [101] controlled by a station 
on the Earth). See Refs. [102] for other approaches to GPS type coordinates. 

However, as we shall comment in the Gonclusions, in general relativity the admissible 
notions of simultaneity are dynamically determined by the Hamilton equations, equivalent 
to Einstein's equations, of the ADM canonical formulation of metric gravity. 



62 



B. The 3+1 Point of View on the Rotating Disk. 



Let us now consider the 3+1 point of view about the problem of the rotating disk, which 
is still under debate after nearly a century of proposals for the resolution of the Ehrenfest 
paradox (see Ref.[45, 55] for a rich bibliography on the most relevant points of view on the 
rotating disk). A basic ambiguity in the formulation of the problem comes from the non- 
relativistic notion of a rigid (either geometrical or material) disk put in global rigid motion 
(this is possible due to the existence of arbitrary non-relativistic rigid rotating reference 
frames). At the relativistic level we have: 

1) Rigid bodies do not exist. At best we can speak of Born rigid motions [103] and 
Born reference frames However Gr0n [104] has shown that the acceleration phase of a 
material disk is not compatible with Born rigid motions. Moreover, we do not have a well 
formulated and accepted relativistic framework to discuss a relativistic elastic material disk 
(see Ref.[105] for a review), so that many statements in the hterature cannot be checked 
with actual calculations. As a consequence most of the authors treating the rotating disk 
(either explicitly or implicitly) consider it as a geometrical entity, to be identified with a 
congruence of time-like world-lines (helices, see Ref. [106]) with non-zero vorticity But 
this corresponds to a model of material disk in which it is composed of a relativistic perfect 
fluid with zero pressure, i.e. to a relativistic dust contained in a cylindrical world-tube in 
Minkowski space-time (in the Cartesian 4-coordinates of an inertial system the restriction 

2) As we have shown in Section III, Eq.(3.2), relativistic rigid rotating reference frames 
do not exist. Therefore all the rotating reference frames appearing in the literature are only 

A reference frame or platform is Born-rigid [2] if in Eq.(2.1) the expansion O and the shear a^^ vanish, 
i.e. if the spatial distance between neighboring world-lines remains constant. 

I.e. non-surface-forming and therefore non-synchronizable. Therefore the observers associated to this 

congruence have neither a notion of global simultaneity nor a notion of instantaneous 3-space (since we 
do not have a preferred observer, we cannot use its local rest frame as 3-space like it was discussed in 
footnote 11: each observer will have a different local rest frame). As shown in Ref. [55] the only meaningful 
concept which can be defined is an abstract relative 3-space, i.e. the space whose points are the time-like 
world-lines of the congruence. Another problem is the definition of the rods and clocks of an observer of 
the congruence. As shown in Ref. [55] the two existing notions are: a) an optical congruence with the light 
null 4-gcodcsics approximated by 3-gcodcsics (used in Ref. [55]); b) a congruence of Sevres meters (i.e. 
a measurement of spatial distances with slowly transported rigid rods by definition not changing their 
length under acceleration; it was used by Einstein [10], M0ller [12], Landau-Lifschitz [11]) with free ends 
(instead in Ref. [53] the rod was identified with a piece of the rim of the disk). 
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locally defined due to the horizon problem, so that the vector fields defining the relativistic 
frames are only defined on a sub-manifold Minkowski space-time containing the disk. 

The 3-1-1 point of view looks at these problems in a different way and suggests the 
following re-formulation of the rotating disk. Let the disk be a relativistic isolated system 
(either a relativistic material body or a relativistic fiuid or a relativistic dust as a limit 
case with compact support always contained in a finite world-tube W, which in the 
Cartesian 4-coordinates of an inertial system is a time-like cylinder of radius R. At the 
initial time the disk support Dt-=o is just the circle Wo of radius R in the chosen inertial 
system; at subsequent times the support could be different according to the internal dynamics 
of the isolated system. Let us consider a parametrized Minkowski theory [27, 88, 89], 
namely a Lagrangian whose configuration variables are those of the isolated system plus the 
embeddings z'^{t, a) describing the allowed 3-1-1 splittings of Minkowski space-time with the 
associated notions of Cauchy and simultaneity surfaces as said in the Introduction. Since 
the embeddings z'^{t, a) are gauge variables all the allowed notions of simultaneity are gauge 
equivalent. The simultaneity surfaces E,- (in general, but not necessarily, curved Riemannian 
3-manifolds embedded in the fiat Minkowski space-time) intersect the world-tube W with 
3-dimensional sub-manifolds Dr C describing the instantaneous 3-space of the disk at r 
according to this notion of simultaneity. 

Let us choose a particular embedding z^{t, a), i.e. a well defined notion of simultaneity. 
The congruence of time-like (in general non-inertial) observers whose world-lines are the 
integral curves of the vector filed 1^{t, a) of unit normals to is used to define rods and 
clocks for this notion of simultaneity by slow transport of those pertaining to the asymptotic 
inertial observers at spatial infinity (fixed stars) , which are the standard rods and clocks of 
inertial systems. Alternatively, we can define the radar 4-coordinates (r, a) with the method 
of Subsection A. Therefore on S,- we can measure spatial distances with the 3-metric g^s, 
synchronize distant clocks and define one-way velocity of light between two simultaneity 
surfaces as discussed in Section II. 

The second congruence associated to the chosen notion of simultaneity, whose time-like 
observers have the integral curves of the vector field zif{T, a)l yjegrriji ^) as world-lines 

As an example of a congruence simulating a geometrical rotating disk we can consider the relativistic dust 
described by generalized Eulerian coordinates of Ref.[107] after the gauge fixing to a family of differentially 
rotating parallel hyper-planes. 

They are the lines a = 5o = const., i.e. the generalized helices Xg (r) = z'^{t,5o) with 
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is used to define a (in general non-surface-forming, non-synchronizable) reference frame with 
translational and rotational accelerations, whose restriction u^{t,B) to the world-tube W 
is the 3-1-1 counterpart of the local rigid rotating reference frame used in the treatments 
of the rotating disk (see for instance Ref.[108]). 

Every notion of simultaneity has associated a different notion of spatial length, and 
therefore a different radius and circumference length will appear at each non-inertial ob- 
servers, namely the disk 3- geometry will be simultaneity-dependent. But this is natural be- 
cause in special relativity the notions of simultaneity and simultaneous spatial distance are 
reference-frame-dependent i.e. observer-dependent. Even if all of them are gauge-equivalent 
in parametrized Minkowski theories, there is no useful notion of gauge equivalence class (see 
Ref . [8] for the analogous problem in general relativity) , because an extended physical labo- 
ratory corresponds to a completely fixed gauge and not to an equivalence class: its definition 
requires a definite choice of the notion of simultaneity and of a reference observer, endowed 
with a tetrad, as origin of the coordinates. 



^^oW/\/^*5„('^) = zi^{T-,5o)/\/egrr{T,ao). 

In general for given a world-tube W there will be a preferred family of adapted embeddings such that the 
associated vector fields u'^{t,(j) have the property that their integral lines are contained completely in 
the world-tube W. In the next Subsection we will study a simple embedding of the type (4.1) with this 
property. 
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C. The Simplest Embedding for a Rotating Disk and the Sagnac Effect. 



Let us now consider the following admissible embedding of the type (4.1), corresponding 
to a foliation with fiat parallel space-like hyper-planes with normal P (defining inertial 
Eulerian observers) 



z^{T,a) = l^T + e>^Rl,),{T,a)a% (6.17) 



where 



cos 9{t, a) — sin 9{t, a) 
i?(3)g(T, cr) = I sin 9{r, a) cos 9{r, a) 
1 



9{T,a) = F{a)LJT, F{a) < —, 



n%(r,a)= (i?(3;^)%(r,a)=u;F(a) | 1 |, 



0-10 
1 




Q(t,(7) = n((7) =a;F((7). (6.18) 



A simple choice for the function F{a), compatible with the conditions (4.14), is F[a) 

1 43 



2^ \ SO that at spatial infinity we get r2(r, o") = — ^^-^ — >o-^oo 0. Let us remark that 



1+^^ 1+ 



7^ 



nearly rigid rotating systems can be obtained by using a function F(cr) approximating the 
step function 0(i? — r). 

By introducing cylindrical 3-coordinates r, 99, h we get the following form of the embed- 
ding 



We have introduced the expUcit c dependence. In the rest of the Section we put c = 1. 
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zI'{t, a) = If'r + el [cos ^(t, a) - sin ^(r, a) a^] + 
+ [sin 6'(t, a) + cos 6'(t, ct) ct^] + (t^ = 
= Fr + e'^r cos [6'(t, ct) + (^] + r sin [6'(t, ct) + (^] + h, 

a^ — rcos(p, — r sin (p, — h, a — Vr'^ + h"^- (6.19) 

Then we get 

^^^^^ = <(r, a) = P - a; r F(c7) (e^ sin [9{t, a) + ^] - cos [e{r, a) + ^]) , 
^^^^ = z^(r, a) = -e^, r sin [^(r, a) + ^] + e^,r cos [^(r, a) + ^] 



= 4)(r, a) = -4 ((cos [^(r, CT) + ^] - -0= ^ sm [^(r, ct) + ^]) + 
+ (sin [^(r, a) + <p] + ^p=f cos [^(r, a) + <p]] 

where we have used the notation (r) to avoid confusion with the index r used as 3-vector 
index (for example in a'^). 

Then in cyhndrical 4-coordinates r, r, </? and h the 4-metric is 
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e 



e,..ir,a)^-4^Fia/^^^^ 



y/r^~+h^ da 

, , r^a;V2 ( dF{a 

^9{r){r)['r,<J) = -1 

eghh{r,a) = -1 



+ \ da 

r^h^u^T^ fdF{a 



+ V da 

u.' r'^ T dF{a) 



+ 


do" ' 




dF{a) 


Vr^ + /i2 


da ' 




/dF(<7) 


r2 + /i2 


V da 



with inverse 



eg-^^ir.a) = 1, eg^'^^T.a) ^ -uj F{a), 
e/M(r,a) = e^-'^(r,a) = 0, eg^^^^^\T,a) = eg'\T,a) = -1, 
eg'^^(r,a) = 



eg-^'\r,a) = e,-^(r,a) ^ (6.21) 



It is easy to observe that the congruence of (non inertial) observers defined by the 4- 
velocity field 



z^{r, a) 



It^-cur F{a) (^e^ sin [^(r, a) + ip] - cos [^(r, a) + v?]) 



(6.22) 



has the observers moving along the world-lines 

= l^r + Vo (e^i cos [a; r F(cTo) + + sin [a; r F(cTo) + + /i^. (6.23) 

The world-lines (6.23) are labeled by their initial value a — Uo — {fo, foi ho) at r = 0. 

In particular for ho — Q and To — R these world-lines are helices on the cylinder in the 
Minkowski space 

£3 z^l = 0, (e^* z^f + (e^ z^)^ = 

or r = i?, /t = 0. (6.24) 

These helices are defined the equations ip = ^po, t = h = Q \i expressed in the 
embedding adapted coordinates p.r.h. Then the congruence of observers (6.22), defined 
by the foliation (6.17), defines on the cylinder (6.24) the rotating observers usually as- 
signed to the rim of a rotating disk, namely observes running along the helices x^^(r) — 
l^'T + R (^e1 cos [n{R) T +ipo]+ sin [n{R) t + ipo]^ after having put n{R) = u F{R). 

On the cylinder (6.24) the line element is obtained from the line element rfs^ for the 
metric (6.21) by putting dh = dr = and r = R, h = 0. Therefore the cylinder line element 
is 

e (dscyi)^ = [1 - a;^ R^ F^{R) \ {drf -2ujR^ F{R) drdip - R^ {dipf. (6.25) 
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We can define the light rays on the cylinder, i.e. the null curves on it, by solving the 
equation 



e {dscyif = {1-R^ n'^{R)) dr^ -2R^ n{R) dr d(p - d(p'^ = 0, (6.26) 

which implies 

R' (^^y + 2R'm) (^)-(l-i?^^i?)) = 0. (6.27) 
The two solutions 

define the world-lines on the cylinder for clockwise or anti-clockwise rays of light. 



^{T)-^,= {-^-m))r 



(6.29) 



This is the geometric origin of the Sagnac Effect. Since Fi describes the world-line of 
the ray of light emitted at r = by the rotating observer = ipo the increasing sense 
of (f (anti-clockwise), while r2 describes that of the ray of light emitted at r = by the 
same observer in the decreasing sense of (/? (clockwise), then the two rays of light will be 
re-absorbed by the same observer at different r -times T(±27r)) whose value, determined by 
the two conditions </?(T(±27r)) ~ Vo — ^ 27r, is 



i 1 ■ T(+27r) - R 



12- n-2vr) - l+n{R)R- 



(6.30) 



The time difference between the re-absorption of the two light rays is 



At:R^Q{R) _ AnR'^uFiR) 
Ar - r(+2.) - r(_2.) - J^q^^^ - i_ ^2 ^2(^)^2' ^^■^^) 

and it corresponds to the phase difference named the Sagnac effect 
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Sometimes the proper time of the rotating observer is used: (1% = dr-^/l — f2^(i?) R^. 
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A$ = Q At. 



(6.32) 



We see that we recover the standard result if we take a function F{a) such that F{R) — 1. 
In the non-relativistic apphcations, where F{a) 1, the correction imphed by admissible 
relativistic coordinates is totally irrelevant. 

Till now we have described the Sagnac effect by using the r time coordinate associated to 
the notion of simultaneity (4.1). Let us now compare it with the notions of synchronization 
for the rotating observers based on the use of the world-lines (6.29) for the two hght rays. 
This will be done by using the notions of synchronizations of type A) and B) introduced in 
Section II. Then we will study the associated notions of spatial distance of type A) or B) by 
evaluating the radius and the circumference of the rotating disk in the two cases. 

Let us consider a reference observer {(p^ — const., t) and another one {(p — const. ^ 
V?o, t). If > v^o we use the notation {ipr,t), while for ip < ipo the notation {(Pl,t) with 

Let us consider the two rays of light V and Tl_, emitted in the right and left directions 
at the event {ipo, t_) on the rim of the disk and received at r at the events r) and (9?^, r) 
respectively. Both of them are reflected towards the reference observer, so that we have two 
rays of light Trj^ and which will be absorbed at the event (<^o,t+). 

By using Eq.(6.30) for the light propagation, we get 



i^(r-r_). 



R V' 

1+RQ.{R) 



T — T- 



R 

(6.33) 

-^=^(r+-r). 



R 



Eqs.(2.17),(2.18) define the following local synchronization of type B) in a neighborhood 
of the observer ((^o, r) [{(p, r) is an observer in the neighborhood] 



71 



Let us see what happens if we try to extend this local synchronization of type B) to a 
global one for two distant observers ((/9o, r) and {(f, r) in the form of an Einstein convention 
for te (the result is the same both for ip = (pn and ip = lpl) 

This is contradictory because the curves defined by te — constant are not closed, since 
they are helices that assign the same time te to different events on the world-line of an 
observer ip^ = constant. For example 

(^.,r) and (^^o, r + 2vr ^-^.^ J 

are on the same helix te — constant. 

This desynchronization effect or synchronization gap is only the expression of the fact 
that the observers of the rotating disk congruence with non-zero vorticity are not globally 
synchronizablc, i.e. that the B) synchronization holds only locally in the form (6.34) As 
a consequence usually a discontinuity in the synchronization of clocks is accepted and taken 
into account (see Ref.[60] for the GPS). Instead, with an admissible notion of simultaneity, 
all the clocks on the rim of the rotating disk lying on a hyper-surface E,- are automatically 
synchronized. 

The synchronization of the type A) is defined by the condition r = const, and can be built 
with a generalized operative procedure as discussed in Subsection A. In fact by Eqs.(6.33) 
we can calculate r and (p as function on t± e n = ± [n — + ior (p — (pn, n — — ior (p — (pi] 
n replace n{T-){Q{T-), 4>{r-)) of Eq.(6.11)] and obtain the following modification of Einstein's 
convention for radar time 



t(t_, n, T+) = ^(t+ + T_) - ^^^^^^ (t-^ _ +S{r-, n, t+) (t+ - t_), 

with S{T-,n,T+) = ^ ~ "^-K^) ^ i}{R) =ujF{R). (6.36) 

Sec Rcf.[59] for a derivation of the Sagnac effect in an inertial system by using Einstein's synchronization 
in the locally comoving inertial frames on the rim of the disk and by asking for the equality of the one-way 
velocities in opposite directions. 
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Let us now consider the evaluation of the radius and the circumference of the rotating 
disk with the A) and B) notions of spatial distance. 

With the convention A) on the hyper-surfaces (6.17) we use the 3-metric —egsu {t,u = 
(r), (f, h) given by Eq.(6.21). With this metric the length of the circumference 

e^^^ = 0, (ei'^^f + (e^^^f = or h^O, r^R, (6.37) 

is 

C = / dcp ^/^^ = 2% R, (6.38) 
Jo 

The curve 



h — 0, (p — (po — constant, (6.39) 

has the length 

£ dr y/-eg^r)(r) = £ dr ^l-r^u^r^ (^)'' ^^-^^^ 

which is equal to R only at r = 0. 

However the curve (6.39) does not decribe a ray of the circumference (6.37). The curve 
(6.39) has the parametric representation with parameter r 

e^z^^O, e'^Zij,^rcos[(fio + ujTF{r)], e^2;^ = r sin + <^rF(r)], (6.41) 
while a ray of the circumference (6.37) has the parametric representation 
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= o> 

Z/^ — r cos (po — 1^ cos[ip{T,r) + cu T F{r)], 
€2 Zfj, — rsm(fo — rsm[(f{T,r) + CUT F{r)], 

or h — 0, r — X, ip{T) = (fo — cot F{X). 



(6.42) 



The length of the true ray (6.42) is [remarkably this result is independent of the function 

F(r)] 











— e 


9(r){r) 


Jo \ 







dr 
dX 



dr 
dX 



^\ , f d^\ 

dx)^^''''\dx) 



R. 



(6.43) 



Moreover let us observe that the 3-dimensional tensor of curvature obtained by the 3- 

metric g^s is null, ^Rsuvw = 0, since the rotating coordinates r, h can be obtained by a 
r-dependent coordinate transformation by the Cartesian 3-coordinatc on the (fiat) hyper- 
plane (6.17): CJ' = ^li,z'^. Therefore, with the admissible notion of simultaneity (6.17) the 
3-geometry of every slice of the rotating disk contained in the simultaneity surfaces is 
Euchdean. 

On the contrary with the convention B), used by most authors but without the function 
F{r) ensuring an admissible foliation, we have to use the 3-metric 



3 _ / _ 9tu 9tv \ 

^uv — ^ I 9uv I ■ 



(6.44) 



Since on the plane h = we get (note the (^-independence and also the r-independence 



of ^7<^<^ 



^=0 
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h=0 



9tt 



h=0 



1 -r2Q2(^)' 



7(r)(r) 



1<p(r) 



h=0 



— e 



h=0 



-9{r){r) + 



9rr 



h=Q 1 ~ r2f22(r) \ dr 



9t 



ijjTT^ dF[r) 



1 — r2f22(r) dr ' 



we obtain the following length for the circumference (6.37) 



/•27r 



2t:R 



(6.45) 



(6.46) 



(6.47) 



while the length of the ray (6.42) is [this result is independent from F{r)] 

The metric ^7u„ defines a curvature tensor jRguvw (see Ref.[55]). Therefore, a non- 
Euclidean 3-geometry for the rotating disk is obtained if we approximate the instantaneous 
3-space of the disk with anyone of the local rest frames of the observers of the congruence with 
non-zero vorticity (the abstract relative space of Ref.[55]) on the rim of the disk (Eq.(6.45) 
is 93-independent). 
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D. Relativistic Theory for Time and Frequency Transfer. 

As a further application of the admissible foliations let us consider the problem of the 
evaluation of the time and frequency transfers [80] from an Earth station B and a satellite 
A, because it is relevant for the ACES ESA project on synchronization of clocks [77], which 
needs corrections of order due to the level of accuracy in time keeping (5 • 10~^^ in 
fractional frequency or 5 ps in time transfer) reached with laser cooled atomic clocks. 

As we shall see the ACES mission can be re-intcrpreted as a determination of the func- 
tion S of Eq.(6.12), measuring the deviation from Einstein's convention {S — |), which is 
associated to a choice of the notion of simultaneity compatible with admissible differentially 
rotating 4-coordinates taking into account the rotation of the Earth. Since, as we have seen, 
such a choice is one of the conventions defining an enlarged laboratory in special relativity, 
it has to be done a priori and in the most convenient way. 

The existing calculation of these quantities [60, 80] has been done in the non-inertial 
(non- rotating) Geocentric Celestial Reference Frame [3] (see footnote 1) considered as an 
inertial frame in free fall in post-Newtonian gravity and uses the hyper-planes of constant 
geocentric coordinate time as notion of simultaneity. For attempts to re-formulate the 
problem in non-inertial frames, taking into account the rotation of the Earth, sec Refs.[81], 
especially the first one where for the first time there is an application of the PPN formalism 
to the time transfer problem with estimates of the effects of Earth multipoles to the ACES 
project. 

Let us first review the approach of Ref.[80]. If are Cartesian inertial Geocentric 4- 
coordinates, with the notion of simultaneity based on the hyper-planes x° = ct = const. 

(Einstein's convention), the world-line of the Earth station B is parametrized as x'^{t) = 
{x°^ = ct; XB{t) ), while the world-line of the satellite A is x'^{t) = (a;^ = ct;xA(t) ). The 
basic quantity to be evaluated with the simultaneity x" = const, is the one-way time transfer. 

The line element is modified to take into account post-Newtonian gravitational effects in a suitable har- 
monic 4-coordinate system identified with an inertial geocentric Cartesian (non-rotating) coordinate sys- 
tem. Post-Newtonian gravity is needed for the evaluation [80] of photon world-lines and Shapiro time 
delay. Strictly speaking, given the post-Newtonian 4-metric, Eistcin's convention is not compatible with it 
and one should replace the inertial system with an admissible (non-Cartesian) radar 4-coordinatc system 
generating it, in analogy with Eq.(3.7) for M0ller rotating 4-metric. This radar 4-coordinate system, and 
its notion of simultaneity, should then be modified to take into account Earth rotation along the lines 
presented in this Subsection. 
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If at i = tA the satellite A emits an electro-magnetic signal, its reception at the Earth station 
B will happen at time ts > tA such that A^g = (xa — xuf — e [c^ {tA — tsY — ^\b\ — 



with 1\ab — XA{tA) — XBits) RabNab, Nab — 1 (we use a notation like in Ref.[80] for 
comparison). Then in the fiat Minkowski space-time limit we get 



Tab — tB — tA 



R 



AB- 



(6.48) 



Since in real experiments the position XB{tA) of the Earth station at the emission time 
is better known than the position XB{tB) at the reception time, the quantity Rab has to 
be re-expressed in terms of the instantaneous (in the sense of the simultaneity x° — const.) 
distance Dab — ^a(^a) — ^b(^a), Dab = \Dab\- To order we get [80] 



Rab = \xA{tA) -XB{tB) \ = 



Dab + MtA) Rab + ^ aB{tA) Rab + 0{R\b) 



Rab = Dab + - Dab ■ VB{tA) + 
c 



+ -^Dab 



-0.(4. \ , {Dab ■ vsitA) , fi. u \ 

VB\tA) H 7^ \- Dab ■ aB{tA) 



^AB 



dxsit) 
dt ' 



dB{t) 



d'^xsit) 

dt^ ■ 



(6.49) 



Finally post- Newtonian gravity contributes with the Shapiro time delay [80], so that the 
final result is (M is the Earth mass) 



3ab(^a) 



In 



\xA(tA) 


+ IxBits) 


+ Rab 


\xAitA) 


+ IxsitB) 


— Rab 



Rab + 



= - Dab + Dab ■ VB(tA) + Dab v^itA) + 



c (? (? 



{Dab ■ MtA)y 

^AB 



+ 



\xA{tA) \ + \xB{tA) 


+ Dab 


\xA{tA) \ + \xB{tA) 


-Dab 



+ Dab ■ CLBitA) + 
(6.50) 



The two terms in Tab beyond Dab/c are usually referred to as the Sagnac terms of first 
(1/c^) and second (1/c^) order due the rotations of the Earth and the satellite (see Ref.[79] 
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for their derivation by using a standard non-admissible rotating frame). In the inertial 
system Earth rotation is simulated with a term cu'^ \xB{tA)\ in the acceleration aB{tA)- 

In Ref.[80], after stating that the experimental uncertainty in time of ACES will be at 
the level of bps, there is an estimate, at low elevation of a sateUite at 400 of altitude, 
of 200ns for the first order Sagnac term, of lips for the Shapiro time delay and of bps for 
the second order Sagnac term. 

If we consider a signal emitted at t^' by the Earth station, reflected at tA from the satellite 
and re-absorbed at is by the Earth station and if Tab — tB — tA and T^g/^ — tA — t^' are 
the two one-way time transfers, then for the two-way process we get 

tA = ts' +E{tB-tj,'), with E=^(i + T^'^-Tab). (6.51) 

By measuring t^' and tB with the atomic clock of the Earth station and by using a theoretical 
determination of the two one-way transfers with the simultaneity x° — const, it should be 
possible to check whether in post-Newtonian gravity Einstein's convention {E — ^ and 
Tg' = Tab) holds or is modified. However a priori these calculations depend on the chosen 
notion of simultaneity and may change going to a non-inertial frame taking into account 
Earth's rotation. 

For the determination of the one- and two-way frequency transfer see Ref.[80]. 

Let us now see what happens if we consider a good notion of simultaneity, of the type 
(4.1), adapted to the rotation of the Earth, i.e. admissible transformations x^ ^ from 

the Cartesian geocentric inertial coordinates x'^ to intrinsic (radar-type) coordinates such 
that the inverse transformation cr^ h- > x'^ defines the embedding 

= z^'(r, a) = < + /'^ r + C{r, a), 

C(r,a)^RUr,a)a\ (6.52) 

where x'^{r) — xf^ + l'^ t is the world-line of the center of mass of the Earth (origin of 
the 3-coordinates a) and = {e^ — e(f) is an asymptotic tetrad determined by the 
fixed stars. Let us remark that with a suitable x^{r) — x/^ + l^f{r) + €lfg'^{T), with 
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Pi''') > Z^r- 9^(''') Q^i''')^ '^^ could describe the (non-inertial) motion of the center of the 
Earth with respect to the (quasi) inertial Solar System Barycentric Celestial Reference Sys- 
tem (see footnote 1): in this case x^^ ^ would be an admissible coordinate transformation 
from such an inertial system to an intrinsic coordinated system adapted to both the linear 

acceleration and the rotational motions of the Earth. 

Since the intrinsic coordinates are adapted to the motions of the Earth, the Earth station 
B has fixed intrinsic 3-coordinates 

rfji = RBf)B = const., ff^ = 1, 

= z^^(r,fiB)^x^(r) + e'fC(r,fiB), 

C{T,fiB) = R'Es{r,RB)RBVB- (6.53) 

The matrix Re{t, a) is a rotation matrix such that Re{t, Rb) takes into account the 
effects of the rotation, precession and nutation of the Earth at the position B of the Earth 
station through its three Euler angles. By ignoring precession and rotation, the effect of the 
rotation of the Earth is parametrized by means of the matrix (corresponding to a rotation 
around the third axis) 

(co^VLbt —svuVLbt 
sinfifiT cosQbt 
1 

VtB = ujeF{Rb)^ const., eB{r)^nBT. (6.54) 

If wc normalize the gauge function F{a) so that F{Rb) = 1, we get Qb = ^ii, where uje is 
the angular velocity of the Earth assumed constant. A possible choice for F{a), respecting 
Eqs.(4.14) and such that F{Rb) = 1, is 

since uje Rb < 1 (c = 1). 

Since they are needed later on, we give also the velocity and the acceleration of the Earth 
station 
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— sinQsT —cosQet 0\ /— cosJIbt smQ.BT 

Reb{t) — Q.B I cosQbt — sinJlBT , Reb{t) — ^"^b ( — sinQfiT — cosQbt 

00/ \0 00 

(6.56) 

For inertial motion of the Earth, a;^(r) = x'^ + we have x^{t) = and x^{t) = 0. 

The adapted intrinsic 3-coordinates of the sateUite A are fjAir) — Ra{'t) Va{'t), Va{''') — 1- 
They are deduced from the assumed known sateUite world-hne parametrized with r, i.e. 

a;^(r) = (ct(r); ^^(^(t)) ) = z^^{T,f]A{T)), by using Eq.(6.8). Now we have 

x^^ir) = z^{T,ffA{r))=x''{r)+e^C{r,rfA{r)), 

( cos a{t) T — sin ri^(r)r 
sin O A (r) T cos O A (r) r 
1 

^Air) = ueF{Ra{t)), dA{T) = OaMt. (6.57) 
If we put F{Ra{t)) = 1 + G{Ra{t)), we get for the angular velocity of the satellite 

^a(t) =uje + Mr), ^a(t) = uje G{Ra{t)), (6.58) 
and Eq.(6.55) implies u;A(r) = ue "^f |^| ^^^^^ . 

With this notion of simultaneity we have A^^ = x^{tb) — x'^{ta) + [CirB: Vb) — 
C(ta, ?m(ta)] when x'*(tb) - ^''(ta) = P (tb - ta) and A^^ = implies 
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_ 1 , X 1 ^ 

Xis = - [tb - ta) ^ -Tcab, 
c c 



Has = T^AB{TA,rB) = \C{rB,rfB) - ({ta, ffA{TA) 



(6.59) 



If the Earth follows an non-inertial world-line x^(r) in the Solar System Barycentric 
Celestial Reference Frame, A^^ = implies /(r^) — /(T4) = |^(tb) — ^(r^) + CijB-i'HB) — 
C(ta, and the discussion is much more complicated and in general can be done only 

numerically. 

To find the analogue of Eq.(6.49), we introduce the instantaneous distance 'Dab = 
'^ABi'TA) = C{rA-,r]B) - Ci^TA, VA{rA) with T>AB = \'Dab\ = \C{ta,Vb) - C{^A,VA{rA)\ and 
we make a Taylor expansion 



C{rB,f]B) = C{rA,CB) + C{rA,f]B)cTAB+^CirA,'nB)c^'r2s + 0{c'T2B), 

r ^ .def dC{r,f]B). dR'E,{T,RB) „ 
(, [TA,'r]B) — \t=ta — g;^ T=TA ^bVb^ 

?r, .defd^Oj^. d'^R^Esir, Rb) .s 

C, [TA,r)B) - \r=TA - ^ T=TA ^bVb, 



T^AB = ^ [Dab + ({ta, Vb) TZab + ^ ({ta, Vb) + 0{n\s)]^. (6.60) 
Therefore we get (r = ct) 



1 1 1 - - 

7as(ta) = - T^AB = - 'Dab + - Dab • Ci^A, Vb) + 
c c c 



2c 



^ 1_ ^ . .{DAB-C{rA,f)B)y - n1 , 

+ — Dab C (ta, Vb) H ^ ^^b ■ ({ta, Vb) + 

^AB 



2GM Rs + RAjrAHDAB ^ ^ 



Fora;^; 0, Eq.(6.61) becomes Eq.(6.50). 
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To evaluate explicitly this expression, let us introduce the matrix 



cos[Qb tb - ^a{ta) ta] - sinfl^B tb - ^a{ta) ta] 
T^EABiTA^TB) = R*ea{ta)Reb{tb) ^ | siufQ^ Ts - Qa(ta) Ta] cos[Qb Tfi - Qa(ta) Ta] I , 

1 



(6.62) 



which allows to get the following result 



T^^B = Rli-TA) + i?| - 2 rfA{TA) <T% [nEAB{TB, Ta)]... (6.63) 
If we introduce the cylindrical rotating coordinates 

(^B = "^B cos (/7b, cr| = Tb sin (/7s, a% = hs, 
VaI^) = rA{r) cosipa{t), rj\{r) = rA{r) smipA{r), rj\{T) ^ hA{r), 



Rs^^rl + hl, RA{T) = ^r\{r) + h\{T), (6.64) 
then Eq.(6.59) implies 

T^^B = '^a('^a) + r| - 2 rA{TA) tb cos[(/?b + QbTb - (/?a(ta) - ^^^(ta) ta] + 

+ (/ia(ta) - /ib)'. (6.65) 

If we put this expression in Eq.(6.60), then with a straightforward calculation we obtain 
the following form of Eq.(6.61) [for uje — > it gives Eq.(6.50) in cylindrical coordinates] 
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T^ab{ta) = -T^AB 
c 



= ^ \l r\{rA) + r| + [hAiTA) - hsY + 2 rA(TA) tb cos [{Q.b - 0.a) ta + iPb- </'a(ta)] - 
- ^ rA{TA) Tb ^b sin [(Ob - Qa) TA + (fiB - fAirA)] + 

+ ^ ( - \j f^^Tj^ + '^l + {^aKta) -hBY + 2 rA{TA) Tb cos [{Q.b - ^a) ta + ^b- ^a{ta)] 



rA{rA) Tb ^b cos [{Qb - ^a) ta + ^b- VA{rA)] 



+ 



^ 3 rAjrA) tb^b [(^b ~ ^a) ta + ^Pb- 

V'^aM +r% + [hA{TA) - Hb]'^ + 2 rA{TA) tb cos [{Qb - ^a) ta + ^b- </'a(ta)] 



) 



2GM R^ + R^{ta) + K 1 

C3 '""i^B + i^AM-i^^^C 



,4^ 



X = ^J r\{rA) + r| + [/iA(TA) - Iib]'^ + 2 t^Ita) tb cos [{CIb - ^Ia) ta + ^b- ^AirA)]- 

(6.66) 



The admissibility of the notion of simultaneity introduces an explicit dependence on the 
function F{a) = 1 + G{Ra{ta)) of Eq.(4.1)in the difference of the angular velocities of the 
Earth station and of the satellite 



D.B - ^a{ta) = -UA{rA) = -ljeG{Ra{ta)), 

ilB - ilAiTA) = u;, ^ l^AirA) - Rl] ^ 0^ , _ ^ 1_ 



As a consequence with this notion of simultaneity, for tA — ^ < dnL-^ifri)] 



3 ^fpij 1 + (it is an implicit restriction on ta) we get 
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c 



1 



r\{TA) +r% + [hA{TA) - hsf + 2 TAijA) tb cos [(pB - ^a{ta)] 



c 



rA{rA) Tb ^b sin [ipB - ¥'a(ta)] + 



+ 




V +^B + [^a(ta) - /is]^ + 2 rA{TA) Tb cos [ipB - ^a{ta)] 

rA{rA) Tb cos [ipB - VA{rA)] + 



+ 



\/r\{TA) + r| + [hA{TA) - hB^ + 2 taCta) rB COS [ipB - ^a{ta)] 

_ ^^%rA{TA) Tb [rAjrA) - r| + h\{TA) - h%\ sin [fB - ^AjrA)] \ _ 

^J'^aM + r| + [/ia(ta) - hBY + 2 rA{TA) Tb cos [pb - Va{ta)\ ' 

2GM, Rb + Ra{ta) + K 

— — In — ^ + O — r , 

c3 Rs^Ra{ta)-K 

k = (ta) + r| + [/ia(ta) - /is]" + 2 rA(TA) tb cos {^b - ^a{ta)\. (6.68) 

As already said the effect of the Earth rotation is contained in the second order Sagnac 
term. With the choice (6.67) of the admissible notion of simultaneity there is an effect of 
order ta'^\I(? ■ 

If we put the values hA — hB — 0, vb — 6.4 10^ Km, ta—tb ~ 400irm, rA{TA) ~ const. — 
ta = 4.1 10^ Km, uje/c = 7.3 x 10~^ radian/ s [see Ref.[80] and the last of Refs.[81]], so that 
VIb - ^a{ta) = ^{r\~ rl) + 0(i) = const. = uab , we get 
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for ta < 



- Va{ta) 



Tab{ta) 



Ta 



^ _ CUE tb sina{TA) _ 



2c2 



[cos q;(ta) + oje Ta sin q;(ta)] — 3 — sin^a{TA) ) 

fA ' 



2GM^ l + ^l + 2'^^cosa{rA) + r^r ^ i ^ 

— 5— / + 0{—), 

" 1 - ^l + 2^co5a(r^) + (^)2 



/or Ta > 



Tab{ta) = :rrArBSin{ujABrA + VB-VA{TA)) + 

c 

rB i^E 



+ 



- X cos {uaB TA + fB- fA{TA)) + sin^{uAB Ta + fB - (fA{TA))^ " 



TB + rA + K ^ ^.1. 
rB + rA-K 



X = \Jr\ + rl + 2rArB cos {ujab ta + (Pb- </^a(ta)) ■ 



(6.69) 



2 2 

The second order Sagnac term varies from —'^^^^^^ for ci;(ta) = (where the first order 

2 2 

Sagnac term is very small) to — ^^3'"^ (with a linear dependence on ta) for a{TA) — f ; 

for tga{TA) = 1/ueTa it is reduced by a factor rB/rA- 



Let us remark that the contribution of Earth rotation changes with F{a), i.e. with 
the choice of the notion of simultaneity in the admissible family (4.1) (or in more general 
admissible embeddings) . As a consequence, to apply consistently the formalism one should 
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first of all to estabfish a grid of admissible radar 4-coordinates around the Earth with the 
method of Subsection A and then estimate the implied effect of the Earth rotation. 

Therefore given an admissible notion of simultaneity and admissible rotating coordinates 
with a fixed F{a), by measuring tb and r^' and by using ta = t^' + S {tb — t^') we have 
to find the resulting [F(cr) -dependent] S from the equation 



S 



def 



1 



1 + (^"^b'aM - cTab{ta) 



1 + cTs' Airs' +S[rB- r^']) - cTab{tb' +S[tb- r^'])] ■ (6.70) 



In conclusion we have first to make a convenient convention on the notion of simultaneity 
and a choice of F{a) for the rotating coordinates, then evaluate the one-way time transfer 
with it and finally use the ACES mission to check if the measured deviation ^ ^ \ from 
Einstein's convention is just the one implied by the chosen F[a). 

Admissible notions of simultaneity hke that of Eq.(4.1) should be useful also for the 
description of the optical one-way time transfer among the three spacecrafts of LISA project 
[109] for the detection of gravitational waves. Since the spacecrafts follow heliocentric orbits 
(forming an approximate equilater triangle), in Eq.(4.1) a;^(r) should be the straight world- 
line of the Sun in the Solar System Barycentric Celestial Reference Frame. Since the main 
problem of the LISA time delay interferometry is the elimination of the laser phase noise, 
introduced by the Doppler tracking scheme used to track the spacecrafts with laser beams, 
and since the actual rotating and fiexing configuration produced by the spacecraft orbits 
makes this task difficult, it is worthwhile to investigate whether the presence of the arbitrary 
function F{a) of Eq.(4.1) in the one-way time transfers could help in the reduction of noise. 
If there would be a reduction for special forms of F{a)^ i.e. for special admissible notions of 
simultaneity, then one could try to implement such notions by establishing a grid of suitable 
radar 4-coordinates like in Subsection A. 

Finally Eq.(4.1) should also be instrumental for very long baseline interferometric (VLBI) 
experiments, reviewed in Ref.[110]. 
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E. Mjixwell Equations in Non-Inertial Reference Frames. 

The description of the electro-magnetic field as a parametrized Minkowski theory has 
been given in Ref.[89] (see also the Appendix of Ref.[88]). The configuration variables 
are the admissible embeddings z'^{t, a) (tending to space- like hyper- planes at spatial in- 
finity) and the Lorentz-scalar electro-magnetic potential Aa{t, a) — z^{t, a) Af^{z{T, a)) 
(these potentials know the simultaneity surfaces E^), whose associated field strength is 
FAB{r, a) = Ba -4b (r, a) - 83 Aa{t, a) = z'^{t, a) z'^{t, a) F^^{z{t, a)). 

The Lagrangian density {g = \detgAB\, Qab = z'Xtj^^Zb) 



^ S = J dTd''aC{T,a) = I dTL{T), (6.71) 
leads to the canonical momenta 



dCjr, a) 
ddrAr[T,a) y/g{r,a) 



_ d£{T, a) 
~dz!f{T,a) 



^^^^ [{g^^ Zr, + 9'"- Zr,){T, a) g^^{T, a) g^^ir, a) Fab{t, Fcd{t, a) 



or I ^\ I At tC BD . AC Bt tD\/ 

2 [zr^,{r, a) [g g g +g g g )(r,(7 



+ Zr,{T,a){g^^g^^ + g^^f''){T,a)g'"'{T,a)]FAB{T,a)FcD{T,a)] = 



^''7=1 det Qrs \, Er = Frr (= —eE^ou hyper — planes) , = \ Cruv Fuv ■ 
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= [{pi'l'')ln+ {Pi.z';:)Y' Zs^,]{T,a), 

{Aa{t, a), 7r^(r, a,)} = 6^ 6%a - a,), (6.72) 

to the canonical Hamiltonian He — — J d^a At-{t, a)r{T, a) with r(r, ct) = drn'^{T,a) and 
to the following generators of the Poincare' group [the suffix "s" is for surface] 

Jr = J d'a {z^{t, a)p^{T, a) - z\t, a)(f{T, a)). (6.73) 
There are five primary and one secondary first class constraints 

7r^(r, a) 0, 
r(T, a) — dr 7r''(T, a) ^ 0, 



(r, a) = (r, a) - (r, a) T^r (r, a) - Zr/, (r, a) (t, ^ ) T^s (r, a) =^ 

cZe f 

= P^^{r, a) - g^[z^{T, a); A(r, a), 7r^(T, a)] ^ 0, 



7;,(t, a) = -i (^vr^^,,7r^ - ^ 7- 7- F,„)(t, a), 



rrs(T, a) = F5t(T, a) n\T, a) = €stu 7r*(T, a) S„(r, a) = -[7t{t, a) x 5(r, a)] 



s' 



(r, a) , (r, a ) } = { [/^ (r, a) 2;^^ (r, a) - (r, a) Zr^ (r, a) 



TT' r, (T 



^«^(t, a) 7"''(t, a) F..(t, a) 7^"(t, a) z,,{r, a)} r{r, a) 5\a - a') ^ 0. (6.74) 



The constraints 7r'^(T, a) Q and r(T, ct) are the canonical generators of the electro- 
magnetic gauge transformations, while 1-L^{t,B) ~ generate the gauge transformations 
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from an admissible 3+1 splitting of Minkowski space-time to another one with the associated 
change in the notion of simultaneity. 

Instead of the constraints 7i^(r, c?) ^ 0, we can use their projections T-Cr{T,a) = 
H^{T,a)zrij,{T,a) ft! 0, H±{T,a) — H^{T,a)ln{T,a) « 0, normal and tangent to the si- 
multaneity surfaces E^. Modulo the Gauss law constraint r(T, a) ft 0, the new constraints 
satisfy the universal Dirac algebra of the superhamiltonian and supermomentum constraints 
of canonical metric gravity (see Ref . [88] ) . This implies [88] that the gauge transformations 
generated by the constraint Ti.±{T, a) change the form of the simultaneity surfaces (i.e. the 
3+1 splitting), while those generated by the constraints Hr{r,a) change the 3-coordinates 
on such surfaces. 

The Dirac Hamiltonian and the Hamilton-Dirac equations are (A'*(t, a) and A,-(t, a) are 
arbitrary Dirac multipliers; = means evaluated on the extremals of the action principle) 

Hd = J [A^(r, a) H^{t, a) + A,(r, a) 7r^(r, a) - A,{t, a) T{t, a)] = 
+ A"(t, a) Hrir, a) + A^(r, a) 7r"(r, a) - A^(r, a) r(T, a)], 



^^^^ ^ {A{r,a),Hn} = Xr{r,a), 



^ {Ar{r, a),Hn}^-j d'a' [x^{t, a') {A(r, a), 

g,{z''{r,a'),A^ir,a'),n'^{r,a'))} + 
+ A^{T,a){A,{T,a),T{T,a)} 

= {tt {r,a),HD} = 



dr 



- I d'a' X^{r,a){7r^{r,a),g,{z''{r,a),A^{T,a),7r%r,a))}, 



(6.75) 



Due to the last two hues of Eqs.(6.74), we see that two successive gauge transformations, 
of generators Gi{T, a) = A^(t, a) 'H^,{t, a), i — 1, 2, do not commute but imply an electro- 
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magnetic gauge transformation. Since the effect of the i — 1,2 gauge transformations is 
to modify the notions of simultaneity, also the definition of the Dirac observables of the 
electro-magnetic field will change with the 3+1 sphtting. In general, given two different 3+1 
splittings, the two sets of Dirac observables associated with them will be connected by an 
electro-magnetic gauge transformation. 

Since it is not clear whether it is possible to find a quasi-Shanmugadhasan canonical 
transformation adapted to Hr{T, a) — Hij,{t, a) z^{t, a) ^ 0, 7r'^(r, a) ^ 0, r(T, a) ^ the 
search of the electro-magnetic Dirac observables must be done with the following strategy: 

i) make the choice of an admissible 3+1 splitting by adding four gauge-fixing constraints 
determining the embedding z^{t, a), so that the induced 4-metric gAB{T, a) becomes a nu- 
merical quantity and is no more a configuration variable; 

ii) find the Dirac observables on the resulting completely fixed simultaneity surfaces S^- 
with a suitable Shanmugadhasan canonical transformation adapted to the two remaining 
electro-magnetic constraints. 

Let us remark that a similar scheme has to be followed also in the canonical Einstein- 
Maxwell theory: only after having fixed a 3+1 splitting (a system of 4-coordinates on the 
solutions of Einstein's equations) we can find the Dirac observables of the electro-magnetic 
field. 

This strategy is induced by the fact that, while the Gauss law constraint r(T, a) — 
drn'^{T,a) is a scalar under change of admissible 3+1 splittings the gauge vector 
potential Ar{T, a) is the pull-back to the base of a connection one-form and can be considered 
as a tensor only with topologically trivial surfaces (like in the case we are considering). 
Since a Shanmugadhasan canonical transformation adapted to the Gauss law constraint 
transforms r(r, a) in one of the new momenta, it is not clear how to define a conjugate 
gauge variable i]f.m{T,(T) such that {?7e„j(r, cr), r(r, (Xi)} = 6^{(T,ai) and two conjugate pairs 
of Dirac observables having vanishing Poisson brackets with both rjejn{T, a) and r(r, a) when 
the 3- metric on is not Euclidean {grsi^, ^) 7^ — e^rs)- 

The only case studied till now [89] is the restriction to the Wigner hyper-planes associated 
to the rest- frame instant form, where both Ar{T, a) and 7t^{t, a) transform as Wigner spin-1 

W_l(t, a) = H^ir, a) 1^{t, a) « 0, like an ordinary Hamiltonian, can be included in the adapted Darboux- 

Shanmugadhasan basis only in case of intcgrability of the equations of motion. 
TT*" (t, a) is a vector density like in canonical metric gravity. 
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3- vectors under Lorentz boosts. Since on Wigner hyper-planes we have grs{T, ^) 
the Shanmugadhasan canonical transformation leads to a radiation gauge 



Aa 



TV 



Ar 


Tjern 




71 ~ 





r ^ 


n 



d 

A''{t, a) = -eAr{T, a) = g^r)em{r, a) + A\{t, a), 



r}em[r, a) 



1 d 



r(r,a), A, = -^, 



1 9 X, 



Al(T,a) = (5- + ^)^(r,a), 



{'7em(T,^),r(T,a')}** = -e5^(a-a'), 



{Al(r, a)XAr. o)}** = -e (5^ + - a'). (6.76) 



With every fixed type of simultaneity surface S,- with non-trivial 3-metric, 5'rs(T, a) ^ 
—eSrs, we have to find suitable gauge variable r)em{T, ^) and the Dirac observables replacing 
A^±{t-i ^) and 7r^(T, a). 

To choose a 3-1-1 splitting with a foliation, whose simultaneity surfaces are described by 
a given admissible embedding Zp{T, a), we add the gauge- fixing constraints 



l^l-oo 2;^oo)(0) + ^F'^ + 4r'^'''^- 
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F^{t, a) ^1,-1^00 I'f [r - air)] + e^, [a^ + b^ir)], 




(6.77) 



where we have used the notation of Eqs.(3.3), (3.5). Here e^^ = y,p — e'^^;e'^^j is the 
asymptotic tetrad at spatial infinity associated to the fohation, with Ip the normal to the 
asymptotic hyper- planes (see Section I) . If Z^^^ (r, a) are the components of the unit normal 
vector field to T^ft, built in terms of the Zp^{T, a), we have ^(*^)(t, a) I p. 

The functions F^^{T,a), assumed to satisfy the admissibility conditions of Section III, 
describe the form of the simultaneity surfaces S^?^, while the arbitrary centroid x^{t) (a 
timc-likc, in general non-inertial, observer chosen as origin of the 3-coordinatcs on T^pt) 
describes how they are packed in the foliation. The centroid corresponds to an observer of 
the rotating skew congruence associated to the foliation, because i;'*(T) = Zp^{T, 0). Instead 
•^(00) (''') world-line of an asymptotic inertial observer at spatial infinity. 

For instance, if we want to select foliations which arise from those admitted in the rest- 
frame instant form of canonical metric gravity [88] in the limit of vanishing gravitational 
field, wc must have that the hyper-surfaces S,- tend in a direction-independent way to 
Wigner hyper- planes at spatial infinity, z'^{T,a) — x'^{Q) -\- e^(it(Ps)) cr^. This can be ob- 
tained with admissible embeddings of the type Zp{T, a) — x^(0) + e'X{u{P)) [cr^ + F^{r, a)], 
lim\s\^^F^{T,B) = 0. Here P^' is a time-like 4-vector and e'X{u{P)) = (w''(P) = 



P'^l V e P^; e^('u(P)) j is the tetrad defined by the standard Wigner boost sending P'* at 
rest. To enforce the requirement P'' = (asymptotism to Wigner hyper-planes), wc en- 
large the phase space with four pairs X^, P^ of conjugate variables and we add the four first 
class constraints P^ — P^ ~ to the Dirac Hamiltonian. After having evaluated the Dirac 
brackets associated to the gauge fixings (6.77), the 4- metric gABir-i^) becomes a function 
9{f)ab{t, a\P) depending only on P''. 

In special relativity a simpler set of admissible embeddings is given by the foliations with 
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parallel space-like hyper-planes of Section IV. Before restricting to them let us delineate 
how the method of canonical reduction to Wigner hyper- planes introduced in Ref.[89] is 
modified when there is a gauge fixing (6.77) restricting the description to specific admissible 
simultaneity surfaces. 

The preservation in time of the gauge fixing (6.77) gives the following determination of 
the Dirac multipliers X^{t, a) appearing in the Dirac Hamiltonian (6.75) 



dr 



= {z'^{r,a),Hn} 



941 



T, a) 



dr 



0, 



A^(r, a) = X^(r) - ^IH^^ x^(r) = -^r) = 0), 



dr 



Hd = \^{t)H^{t)+ / d'a 



^F^' 



with the arbitrariness reduced to X^{t). 



(6.78) 



If we go to the reduced phase space by introducing the Dirac brackets associated to 
the gauge fixing (6.77), we see that all the gauge degrees of freedom of the embedding are 
reduced to the four variables x^{t). Therefore the first class constraints 'H^{t, a) are reduced 
to only four independent ones 



H^{t) ^ P,^- I dV[Z(^.)^(T,a)r(^),,(T,a) + z^,^(T,a)7F(T,^)%)r.(T,a)] = 

= Pi^- J d'ag,[z^p^{T,ay,Ar{T,a),n'{T,a)]^0, (6.79) 
where Pgi^) is the canonical momentum conjugate to x'^{t) 



{x^{T),P:r = -r)'^-'. (6.80) 

Let us remark that the Dirac brackets for the electro-magnetic field and their momenta 
remain equal to their Poisson brackets. 
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If we restrict Hamilton equations (6.75) to the gauge (6.77) and we use Eqs.(6.78), we get 
a form of these equations, which can be reproduced as the Hamilton equations of the reduced 
phase space only by using the new Dirac Hamiltonian (it differs from Ho of Eqs.(6.78) by 
the term — J d^a Ph{t, a) which is ineffective in the reduced phase space) 

Hn = X''{r)H,{r) + J d'a ^^"jj' [4,(r, a); A,(r, a), 7r-(r, a)] + 

+ J d^a [Xr{T, a) 7r^(T, a) - A^ir, a) r(T, a)]. (6.81) 



The induced 4- metric g{F)AB{T,^) — Zpj^{T,a)'rjfj,,^ZpQ{T,a) is completely determined 
except for its dependence on the arbitrary velocity of the centroid, x^{t) — —X^{t). The 
constraints (6.79) determine the generator of translations P^, given in Eq.(6.73), so that 
the coordinates of the centroid are gauge variables, corresponding to the arbitrariness in the 

choice of the (non-inertial) observer. 

Prom the second line of Eq.(6.73) we get the following form of the generator of Lorentz 
transformations 



Ug — ^ s ■'^ s ' '-'s ■> 



= J d^a [f'^ g-" [4,; Ar, 7i'] - Q'^ [4,; A,, tt^]] (r, a). 



(6.82) 



By using the asymptotic tetrad at spatial infinity the four constraints H^^{t) and the 
Dirac Hamiltonian may be transformed in the following form 



Hi{r) ^If^.P^-If, j d'a [/f^^ Tf^py, - 4, 7- Tt^py,] (r, a) = 

= h^Ps^ - J d'a [4,(t, a)- A(t, a), 7r^(T, B)] ^ h ■ Ps - M^p^i ^ 0, 

Hr{r) = epri^Ps^-epr^. J dVe?q4,(r,a); A(r,a),7r^(r,a)](r,a) 
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Hd = Mr) Hi{t) - J2 Mr) + 



r 



+ 



+ 




(6.83) 



Since Ip ■ x{t), Ip • Pg and ep^ ■ ^{r), ^Fr ■ Ps ^-re four pairs of conjugate variables, we see 
that 

i) the gauge fixing Ip • x{t) — r ^ (so that a(r) = er) to Hiij) ^ identifies the 
mathematical time r with the Lorcntz-scalar asymptotic time of the asymptotic inertial 
observer x|'^-)(r)and, through Dirac brackets, forces the identity Ip-Pg = M(^p)i, with M(^p)i = 
Ip/j. J d^cr Q'^ [zpr{r, ^); Ar{T, a), 7r*(T, a)] being the internal mass seen by the observer x^{t); 

ii) the gauge fixings epr ■x{t) — grij) ^ (so that V'ir) = egrij) and A^(r) = —x^^ij) = 
—e[lp — ^Fr9r{r)]) to Hri^) ~ identify the ccntroid x^{t) with the world-line x^{t) = 
^[IpT — GFr9r{T)] of a timc-llkc (in general non-incrtial) observer, whose 3-momentum is 
epr ■ Ps = ^Fr f d^o- [-2^ <^) , T^^ij, ^)]- It plays the same role of the external 
4-center of mass of the rest-frame instant form [43]. For gr{T) — 0, this observer coincides 
with asymptotic inertial one: x'^{t) — ea;^^^(T). 

The internal angular momentum is S(^p)sAb = ^FAfi^FBu S^'^. This quantity, M(^py and 
epr-Ps, replace the generators of the internal Poincare' group of the rest-frame instant form 
on Wigner hyper-planes [43, 89]. 

After the previous gauge fixings we arrive at a phase space containing only the electro- 
magnetic field restricted to the simultaneity surfaces Upr of the completely fixed embedding 
Zp{T, a) — x^{t) + F^{t, a) \a\ ^ ^^{oo)ir) + e^^cr'' and with a non- vanishing Dirac 
Hamiltonian given by the last two fines of Hd in Eq.(6.83). However, since the gauge 
fixings are explicitly r-dependent, this restricted Hamiltonian does not reproduce the same 
Hamilton equations for the electro-magnetic field that would be obtained by using Hd of 
Eq.(6.83) and then restricting them with the gauge fixings. The same steps used to get 
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Eq.(6.81) show that the true Hamiltonian acting in the reduced phase space is obtained 
by adding the projection x^(t) J cPaQ^{..){T,a) of the total 4-momentum along the 4- 
velocity x'^{r) = — A'^(t) of the observer x'^{r) to the reduced Dirac-Hamiltonian. The final 
Hamiltonian Hd is the sum of an effective non-inertial Hamiltonian (containing the internal 
mass and the internal 3-momentum) and of the generator of the electro-magnetic gauge 
t r ansf ormations 



+ j d'a [Xr(r, a) 7r^(r, a) - A,(r, a) r(r, a)] = 



= M^F)i + I d^a 



^Fr9r{r) + 



dF^jr, a) 



+ J d^a [A,(t, a) 7r^(T, a) - ^,(t, a) r(r, a)] = 

r dF^'ir a) 

= M^F)i + Qrir) eFr-Ps+ / c^V [4,(r, a); A,(r, a), 7r^(T, a)] + 

+ j d^a [Xr{r, a) 7r^(T, a) - A^{r, a) r{r, a)]. (6.84) 



This is the generator of the evolution seen by the non-inertial observer 5;^(r) = e [/^ r — 
e^, r 9r{T)] as a consequence of the chosen notion of simultaneity with its asymptotic constant 
tetrad at spatial infinity. 

Therefore the time-like non-inertial observer (not orthogonal to the instantaneous 3-space 
J^Ft) ^"(t) = xi^{r) with xi^ir) = z'^^{t, 0) must 

i) use the 3+1 point of view (instantaneous 3-space T^ft) to describe the evolution in 
T = If ■ X with Hd as Hamiltonian: besides an electro-magnetic internal mass term, M(^f)i, 
like in the rest-frame instant form, there are two extra terms interpretable as potentials of 
the inertial forces associated to this notion of simultaneity; 

ii) make the choice of a tetrad = ^V^ = x'^/ \/ ex' ; V^^ and use the 1-1-3 point of 
view to measure the tetradic components T{f)ab — F^J^^, — z'^ ^ z^^ Fqd of the 
electro-magnetic field. 

The Hamilton equations for the vector potential of the electro-magnetic field on the 
simultaneity surfaces of the foliation Zp{T, a) — x^{t) + F^{t, a) are 
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dAr{T, a) ^ 



{Ar{T, a),HD} 



If 



QFts TT^ + QFtu 7f Fsr + dvA 



dr 



da' 



We can invert the first to obtain 



(6.85) 



7r'(r, a) 



If 



YF{Frr-9Frul7F,r) 



= -^/^^i^g}.^{T,a)gf{T,a)FAB{T,a). 



(6.86) 



It can be shown that Eqs.(6.85) are equivalent to 



d 



V9F(r, a)gp^(T, a) gp^(r, a) Fbd(t, a) 



--0, 



and that by using Eq.(6.86) the Gauss law drir^ir, a) = becomes 



d 



V9F{r, a) 5^^(t, a) g^pP{T, a) Fbd{t, a) 



As a consequence Eqs.(6.87) and (6.88) imply 



(6.87) 



(6.88) 



d 



V9F{r, a) g^^'ir, a) gf'ir, a) Fbd{t, a) 



=0. 



(6.89) 



V^f(t, B) da^ 

These are the expected equations for the field strengths written in a manifestly covariant 
form. 

If we add to the Lagrangian (6.71) a set of N charged point particles interacting with 
the electro-magnetic fields (see Refs.[36]) and with 3-positions /^[(t) on 12ft, such that 
xf{r) — Zp{T,ffi{T), it can be shown [36] that the Gauss law and the second half of the 
Hamilton equations (6.85) are modified to the form 
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i=l 

^^^^T^ = ^ [v^tI^' i7 F.U - (gpru iT - gpru tt^)] (r, a) - 

N 

- Y.Qifil{T)5{a-f^,{T)). (6.90) 

i=l 

If we introduce the charge density and the charge current density on E,- 



V7f(t,(7) 

1 ^ 

y'ir^B) = -^==J2Q^vKr)5(a-f^,(r)), (6.91) 
V7F(r, a) ^ 



so that the total charge is 



N 

Qtot / VlA^pir, (6.92) 

i=i ^ 



then Eqs.(6.90) can be rewritten in the more general form 

n'^{T,a) ^ Vif{t, a) p{t, a), 

[V^7f Yf Fvu - {gPru 7f - 9Fru 7f ^t^)] (t, a) 



da 

97r''(r, a) o d 



dr 9(7* 

- V7F(r,a)T(r,a). (6.93) 

If we introduce the current density 4- vector 

1 ^ 

s''iT,a) = —===^Qi5{a-f]i{T)), 
\/9F{r, a) ^ 

1 ^ 

s'{r,a) = -^==Y.Q^f^l{T)5{a-f^,{T)), (6.94) 
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Eqs.(6.89) are replaced by 



d 



V9f{t, a) da^ 



V9A^)d^{T, a) g^ir, a)Fsn (r, a)] ^ s^{r, a). (6.95) 



Prom these equations, using the skew-symmetry of Fab, we obtain the continuity equation 



d 



This equation can be rewritten in the 3-dimensional form 



(6.96) 



1 d 



a/7f(t, a) dr 



V^pir, a)p{T, a) 



+ 



1 d 



\/7f(t, a) da' 



^fM^)y{r,a) =0, (6.97) 



and imphes 



(6.98) 



Let us define the following generalized non-inertial electric and magnetic fields 



SIf){t, a) 



(r, a)^n'{T, a)), 



B^F){r,a) = --e^'^ [Nj. ^/^Yf F,^ - {N'^ti^ - N^^n')] {T,a), (6.99) 



where we have introduced the lapse and shift functions Np — gp/lF, Np — gpTulT ■ 
With these new fields the Hamilton equations (6.93) can be written in the form (we use the 
vector notation as in the 3-dimensional Euclidean case) 



V-£^F)(r,a) = Vif(t, a) p(r, a), 

- (V X B^F){T,a)r = ^/M^)T{T,a). (6.100) 

With these non-inertial electric and magnetic fields the Hamilton equations look like the 
usual source dependent Maxwell equations written in a inertial frame. 



99 



However it can be useful to introduce the standard definition (see Ref.[108]) of the ineriial 
electric and magnetic fields 



E^{T,a) = v:Frs{r,a), B^i^r^a) = --e'--F,,(r, a). (6.101) 

These fields satisfy the source independent Maxwell equation (existence of the gauge 
potential) by definition 



V X E{t, a) = 0, V • B{t, a) = 0. 



(6.102) 



The source dependent equations for these fields can be found observing that we have 



^m(r,?) 



7|r + 4^ 1f{Nf X By 



'Nr. 



2 e"^'- Nf Vt^Tf 7f e.ue + (iV^ x Ey 



(6.103) 



so that we get 



V • E{t, a) = V7f(t, a) p{t, a) - Pr{t, a) ] , 



dE^jr, a) 



{VxB{T,a)y = ^/M^ r{T,a)-rj,{T,a) , (6.104) 



where 



Pr{^, ^) = , ] V ■ (s^F)ir, a) - E{r, aj) , 



\/lF{r, a) 



d 



- (£(V)(r, a) - E\t, a)) - (V x fi(^) - V x E 



(6.105) 



Due to Eqs(6.103), these charge and current densities are functions only of the metric 
tensor and of the fields E, B. 
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Also when the gauge fixing constraints (6.77) identify the admissible embedding 
4(T,a) = x'^(r) + F''(r,a) = x'^(t) + e(fC(T,a) with C(T,a) = R''s(r,a)a' of Eq.(4.1), 
whose simultaneity surfaces are space-like hyper-planes with normal P = e^, we must 
use Eqs. (6.105), because the 3-metric grs of Eqs.(4.5) has a complicate inverse 3-metric. 

Instead in Ref.[108] SchifT uses a non- admissible [F{a) — 1, 0(r, cr) = ^{t)] coordinate 
system of the type (4.1) with x'^{t) — u^t. In this case, we have 

Nf{t, a) = VT^M = 1, 7f (r, a) - -(5", 

Ar^(r, a) = (n(r) X a)''. (6.106) 

If we put these expressions in Eqs. (6. 103), we find the results of the Appendix A of 
Ref.[109] 

£^F){r, a) = E{t, a) + (Q(t) x a) x S(t, a), 

B^F){r,a) = B + {n{T) x a) x E{T,a) + (f1(T) x a) x [((1(t) x a) x B(t, a)](6.107) 
but at the price of a coordinate singularity when grriT, vanishes (the horizon problem). 
Let us make some remarks 

a) Eqs. (6. 89) are the generally covariant equations VuF^^^O, suggested by the equiva- 
lence principle, in the 3-1-1 point of view after having taken care of the asymptotic properties 
at spatial infinity. Eqs. (6.104) and (6.105), with the metric associated to the admissible 
notion of simultaneity (4.1), should be the starting point for the calculations in the magne- 
tosphere of pulsars, instead of Schifi^'s equations [111] (6.104) and (6.107), used in Ref.[112], 
for the case of uniform rotations or of the variants of Refs.[113] (based on Rcfs.[47]) avoiding 
the so-called light cylinder (the horizon problem) for cu R — c, like Eqs. (4.1), but with a bad 
behavior at spatial infinity. 

b) These equations also show that the non-inertial electric and magnetic fields £(^p) and 

— * — * — * 

B(^F) are not, in general, equal to the fields obtained from the inertial ones E and B with a 
Lorentz transformations to the comoving inertial system like it is usually assumed following 
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Rohrlich [114] and the locality hypothesis ^° . Elsewhere we shall study the system of N 
charged particles with Grassmann valued electric charges plus the electro-magnetic field in 
a non-inertial system (till now it was studied only in inertial systems [36]) to understand 
the energy balance in the case of accelerated charges emitting radiation. 

Regarding the electro-magnetic Dirac observables on the surface Zp{T, a) — x^{t) + 
F^{T,a), let us observe that Ar and ir^ admit both a non-covariant decomposition [113] 
in a transverse and a longitudinal part 



TT = 7r_L + TTl, 



d X 7r± ^ d X {d X V) ^ d X 
nl = 9'" Vl, = 5"-' dr, 9 x tt^ = 0, 



dr 7r£ = AVl = dr7r'' = T, /\ = drd'- = ^, 



Ar — A±r + Ai^ri 



A±r = ersu ds Wu, d'' A±r = 0, 

dx A^ = dx (dxW) = dx A, 

Alv = dr Tjem, 8 X Al ^ 0, 

Ax_r = Ar]em^ 9" Ar, 
riem ^^d' Ar, A^r = {S'r ' dr ^ 8') A, (6.108) 



and a covariant decomposition 



See Ref.[115] for the study of electro-magnetic waves in a standard uniformly rotating frame using the 
geodesies coordinates of type B quoted in Subsection C of Section I. This study relies on the locality 
hypothesis and is used to elucidate the phenomenon of helicity-rotation coupling. 
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= TT^ + Ttl, -Kr = gprs 7^^ 



^1 = (7f -V^-^ 




■F 



^2 = V^-^V^7r. 



F 



Yf'As, 
-Vfs)A\ 



-^Fr 



1 



Af 




1 



(6.109) 



^Fr 



Here and /\f — V^Vi?^ = / ^ ^ dr ( a/ TfI^, ^) 7^-* (r, a) ) are the covariant 



derivative and the Laplace-Beltrami operator associated to gFrsi^, Since tt'' is a vector 

density, we have drTr^ — V pr'^^ ■ 

While with the non-covariant decomposition we can easily find a Shanmugadhasan canon- 
ical transformation adapted to the Gauss law constraint with the standard canonically conju- 

— * 

gate Dirac observables A± and 7r± of the radiation gauge, it is not clear whether the covariant 
decomposition can produce such a canonical basis. In any case, as shown in Rcf. [116], the 
radiation gauge formalism is well defined in both cases if we add suitable gauge fixings. 

See Appendix A for a sketch of the derivation of the Sagnac effect from the non-inertial 

Maxwell equations, following a suggestion of Ref. [58]. 

With foliations with parallel hyper-planes [zp{T,a) — x^{t) + F^{T,a) — x^{t) + 
e(^C(^,o^) with C{T,a) = R's{r,a)a' of Eq.(4.1)] the constraints (6.77) imply /^(r,a) = 
l^^ = const., i.e. an inertial reference system. As a consequence, the action of the external 
Lorentz boosts [with the generators (6.73)] on the reduced phase space is broken, because 
the given conditions l'^ = const, are compatible only with a subset of the inertial Lorentz 
frames. Let us remark that the breaking of the canonical action of Lorentz boosts hap- 
pens also for simultaneity surfaces more general than hyper-planes like those defined by the 
gauge fixing (6.77), since the form Zp{T, a) of the embedding is defined in the given reference 
inertial system. 
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To recover a good canonical action of the Lorentz group we have to select a family 
of admissible embeddings with parallel hyper-planes containing the given embedding with 
P — const, and all all the embeddings obtained by it by means of Lorentz transformations 
(i.e. with = const, i— > K-^^l^ — const.). A similar family of embeddings has to be found 
also for every type of admissible simultaneity hyper-surfaces identified by the Zp of Eq. (6.77) 
with a fixed F^. 

If we define a;^(r) = x^(0) + xi{t) + e^a;^(r) with xi{t) = e/^[x^(r) — x^{0)] and 
xI{t) = — ee^[x'^(T) — x'^(O)] [e^ are inverse tetrads], the embedding (4.1) is rewritten in 
the form 

4(r,a) = x'^ir) + F^{T,a) = x^{0) + l^ xi{t) + €>;: C{r,a), 

r (r, a) = <(t) + C(t, a), F^{r, a) = e(f C{r, a), F^{r, 0) = 0. 

(6.110) 

To describe the above more general family of embeddings, let us modify the Lagrangian 
L{t) of Eqs.(6.71) to L'{t) — L{t) — \J eX^{T), by adding the degrees of freedom of a free 
relativistic particle of unit mass. This amounts to enlarge the phase space by adding the 
new pairs of canonical variables X^(t), C/'^(t) = X^'ir)/ yfeJC^^, {X''{t),U''{t)} = -erj^"" 
restricted by the first class constraint x(t) = e C/^(t) — 1 0, which is added to the Dirac 
Hamiltonian (6.75), Ho ^ H'j^ = + k{t) x(t) ('t(T) is a new Dirac multiplier). 

Then we replace the embedding (4.1) with the more general embedding [l'^, h- >■ U^{t) = 
m{T)/^eU\T) « m{T), e^(t/(T))] 

4^(r, a) = x'^(O) + U>^{t) xu{r) + e^(^(r)) Cu{r, a) = 
= a;^(r) + F/;(r,a), 

x^(t) = x^(0) + il^ir) xu{t) + e(f(C/(T)) x\j{t). 

e^(r, a) = xUr) + C{r, a), F/;(r, a) = e^{U{r)) C(r, a), FI;{t, 0) = 0, 

(6.111) 

where e^^(C/) = (c/'^; e(f(C/)) , are the column of the standard Wigner boost sending at 
rest. 
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In this enlarged phase space, studied in detail in Appendix B, we select a special family 
of 3+1 splittings by means of the gauge fixing constraints [see Eq.(B7)] 

S{T,a) = %{T)[z'^{T,a)-z^{T,6)]^0, 

z''(T,a) ^ e(T)U^(T)+e'f(U(r))A'(T,a). (6.112) 

The admissible foliations of this family have space-like hyper-planes, orthogonal to the 
arbitrary unit vector U^{t), as simultaneity and Cauchy leaves. The centroid 2;'*(t, 0) = 
9{t)U'^{t) + e^(C/(r)) ^''(r, 0), origin of the 3-coordinates, describes an arbitrary non- 
inertial time-like observer and on the hyper-planes there is an arbitrary admissible ro- 
tating frame determined by the functions A^{T,a). As shown by Eqs. (B8)-(B10), if we 
make the decomposition p^(r, a) = e ^[M[/(r) + pu{'r, (^)] U^{t) - e>^{(J{r)) puri^, 
of the momentum of Eq.(6.72), then the gauge fixing (6.112) together with the constraint 
U^{t) [H^{t, c?) — / d^ai H^i^T, (Ti)] ^ form a pair of second class constraints, which can 
be eliminated by going to Dirac brackets. 

As shown in Appendix B a canonical basis for this new reduced phase space is 9{t) , Mu{t) , 
A^{T,a), puri'T,^), ^^{'t): U^{t) plus the electro-magnetic canonical variables. Now we 
have nT,a) ^ f/^(r), z^{r,a) ^ e^{U{r))'-^, grs{r,a) ^ -e E„ and 
e pc/(r, a) = Trrir, (?) — / d'^ai Trr{T, ffi). The remaining first class constraints arc xi'^) ~ 0) 
H± = Mu{t) - J d^aT^r{r,a) ^ 0, nr{r,a) = pu,{r,a) - eT,,(r,a) ^ with the 

components of the energy-momentum tensor given in Eqs. (6. 74). The canonical 4-coordinate 
X'^ij) — X^ij) + W^{t) is not a 4- vector plays the role of the decoupled 4-center 

of mass of the accelerated isolated system. See Appendix B for the form of the Poincare' 
generators. The resulting breaking of the canonical action of the Lorentz boosts is restricted 

51 With pu{t,(7) = U>'{T)p^{T,a), pur{T,a) = e!;:{U{T)) p^{T,a), Mu{t) = Jd^apu{T,a), pu{T,a) = 

Pu{t, S) - Mu{t). 

52 Determining pu{T,a) « J7''(r) [I^(t, a) T^x(t, a) + Zrf,{T,a)Y'{T,a)Trs{T,a) - J d^<7i{lf,Trr + 

53 Like it happens with the decoupled external 4-center of mass x^{t) in the rest-frame instant form in 
inertial frames. 
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to the gauge variable X^^. As in the rest-frame instant form we can make a canonical 
transformation from the canonical basis X^, to one spanned by C/^ X^ — 11^ X^^ [since 
U^W = 0], VelP^l, z^VelP[X-X°U/U"] ^ X-X°U/U", k ^U/VelPU ^ U, 

— * 

with z and k non-evolving Jacobi initial data. 

If we want to recover the embedding (6.111), we have to add the gauge fixings 9{r) — 
xuir) - %ir)x'^iO) ^ 0, A'iT,a) - Cuir,a) - e;(C/(r)) x'^(O) ^ with xu{r), ^^(r, a) = 
x[j{t) + (^{T,a) [(■'■(r, 0) = 0] given ([/-independent) functions. This implies z^ij^a) ^ 
z^^(r,ff) and ^^(r,0) = a;^(r) = a;'^(0) + f/^(r)xt/(r) + e^([/(r)) a;[,(r), i.e. a family of 
admissible 3+1 splittings whose whose simultaneity leaves are hyper-planes orthogonal to 
U^(t) and with rotating 3-coordinates determined by the functions Ci'^i ^) [for instance the 
admissible ones of Eqs.(4.1)]. By going to new Dirac brackets we get a new reduced phase 
space spanned by X'^(t), U^{t) and the electro-magnetic canonical variables. 

The natural gauge fixing to the constraint x(r) = e f/^(r) — 1 is U,_i{T) X''(r)— e 9{t) ~ 
0: it replaces the gauge fixing r — ■ x ~ of the rest-frame instant form. After this gauge 
fixing we have X'^(t) = X^'{t) + W^'^(t) = ^'^(r, ^^(t)) and X^'{t) = ^'^(t, Bx{t)) for some 
ct^(t) and ctx(t). 

If finally we want to recover the embedding (4.1), we must add by hand three more first 

^ ^ — # — * 

class constraints, the independent ones in U'^{t) fa P = U^{k) — const., which determine k. 
As gauge fixings to these three extra constraints it is natural to choose F ~ 0. In this way 
Bx{t) is determined. 

Therefore the description of non-inertial isolated systems follows a pattern similar to that 
needed for their description in the inertial system of the rest-frame instant form. There is a 
decoupled non-covariant canonical variable, needed for the canonical implementation of the 
external Lorentz transformations. However now it does not carry the conserved 4-momentum 
of the isolated system, which is associated to the centroid describing a non-inertial observer. 

The formalism developed in this Subsection and in Appendix B will be needed to imple- 
ment the program of quantization of the electro-magnetic field in non-inertial systems along 
the lines under study for relativistic particles in Ref.[117]. 

Finally see Refs. [58, 70, 115, 118] for what is known on the open problem of the consti- 
tutive equations for electrodynamics in material media in non-inertial systems. 
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VII. CONCLUSIONS. 



In the Introduction we have reviewed many old and new physical problems in special 
relativity, which are naturally formulated in accelerated (in particular rotating) frames. We 
have stressed that they present pathologies (coordinate singularities) originating from the 
absence of an admissible notion of simultaneity (i.e. of a frame-dependent rule for the syn- 
chronization of distant clocks to the reference clock of a given observer). Then we have 
analyzed in detail which are the conditions to be imposed on coordinate transformations, 
starting from the standard Cartesian coordinates of Minkowski space-time, so that the new 
equal time surfaces (instantaneous 3-spaces) are the space-like leaves of the foliation associ- 
ated to an admissible 3-1-1 splitting of Minkowski space-time. Einstein's convention is a very 
special case and corresponds to the space-like hyper-planes orthogonal to the world-line of 
an inertial observer. More in general the leaves of a fohation will have both a hnear accel- 
eration, describing how they are packed, and a parametrization with differentially rotating 
3-coordinate systems. It turns out that, while there is no restriction on linear accelerations, 
on the contrary angular velocities and rotational accelerations cannot be given arbitrarily, 
but must be suitably restricted. In particular rigid rotations are not allowed. 

In this paper it is pointed out that it is convenient to characterize the admissible 
3-1-1 splittings of Minkowski space-time with intrinsic Lorentz-invariant radar 4- coordinates 

= (r, a) [r labels the leaves and a = {a^) are curvihnear 3-coordinates on the leaf E^- with 
respect to an arbitrary centroid a;^(r)], which parametrize the embedding = z^{t^ a) of the 
leaves in Minkowski space-time. Wc have explicitly built a family of such admissible radar 
coordinates implementing the locality hypothesis. A sub-family of these 4-coordinates corre- 
sponds to foliations of Minkowski space-time with parallel (but in general not equi-spaced) 
hyper-planes endowed with suitable differentially rotating 3-coordinates. In particular all 
these admissible foliations of Minkowski space-time are associated to arbitrary accelerated 
time-like observers, whose world-hne x'^{t) is the centroid origin of the 3-coordinates. The 
equal time (t — const.) surfaces (instantaneous 3-spaces) are not orthogonal to the world-line 
of the observer and their associated notion of simultaneity corresponds to a modification of 
Einstein's convention for the synchronization of clocks. Moreover we have shown that given 
an admissible foliation with simultaneity surfaces, there are two associated congruences of 
time-like (in general non-inertial) observers. One non-rotating determined by the normals to 
the simultaneity surfaces and one rotating (non-surface-forming) determined by the r-time 
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derivative of the embedding z^{t, a). 

All the admissible notions of simultaneity are gauge equivalent for the description of 
an isolated system, when it admits a formulation in terms of a parametrized Minkowski 
theory. In this case the Lagrangian density depends on the embedding z^{t, a) besides on 
the variables of the system and there is a special type of general covariance peculiar to 
special relativity. As a consequence the embeddings are gauge variables and the transition 
from a 3+1 splitting to another one (i.e. the change of the notion of simultaneity) is a gauge 
transformation like the change of the 3-coordinates a. Therefore parametrized Minkowski 
theories, which have local invariance (second Noether theorem) under the sub-group of 
frame preserving diffeomorphisms r i— > /(r, cr), a i-^ g{(^), arc generally covariant theories 
like general relativity, where the embedding z^{T,a) are replaced by the 4- metric and the 
Hilbert action has local invariance under the full group of diffeomorphisms. In canonical 
metric gravity the change of the foliation (i.e. of the notion of simultaneity) is a Hamiltonian 
gauge transformation generated by the super-Hamiltonian constraint [88], while the super- 
momentum constraints are the generators of the change of the 3-coordinates adapted to 
the foliation. Parametrized Minkowski theories are a non-trivial genuine (i.e. not artificial) 
example which validates Kretschmann's rejection of Einstein's argument that only general 
relativity has a general covariance group [119]. 

Let us emphasize that the real novelty of canonical gravity is that each solution of Ein- 
stein's equations, i.e. of the Hamilton equations in a completely fixed gauge, with given 
boundary conditions and allowed initial data also determines the extrinsic curvature of the 
Cauchy surfaces, which are then found solving an inverse problem. As a consequence, the 
dynamics of the gravitational field determines the admissible notions of simultaneity in gen- 
eral relativity [? ] : they are much less than the admissible ones of special relativity, because 
in absence of matter, as said in the second paper of Ref.[96], they must have the leaves 
3-conformally flat. 

Let us remark that there is a distinction between notions and/or results independent 
from the choice of the notion of simultaneity (i.e. they are observer-independent, like the 
statement that two events A and B have a space-like separation) and those which are 
frame-dependent (like the solutions of the equations of motion after a well defined choice 
of the Cauchy-simultaneity surface). However, like in general relativity [8], the definition 
of an extended laboratory, with its instruments and its standard units, corresponds to a 
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well defined choice of the notion of simultaneity, of an associated notion of spatial distance 
and of an associated set of adapted 4-coordinates (or of their intrinsic variant, the radar 
coordinates). Therefore a laboratory will always give a frame-dependent description of 
physical systems. A change of the notion of simultaneity and of the 4-coordinates will only 
produce inertial effects in the description of the motion of particles and fields. 

The 3-1-1 point of view, in which the simultaneity surfaces are also Cauchy surfaces for 
the equation of motion of isolated systems, has been contrasted in this paper with the 1-1-3 
point of view of either an accelerated observer or a rotating congruence of observers like 
the one determined by the r-time derivative of an embedding z'^(r, a). While, after having 
endowed the observer with a tetrad (whose space axes are arbitrarily chosen), the 1+3 point 
of view is the only one allowing to define the tetradic (coordinate-independent but tetrad- 
dependent) components of the fields (like the electro-magnetic field) to be measured locally 
by the observer, only in the 3-1-1 point of view we have a well posed Cauchy problem and a 
control on the predictabihty of the theory. 

We have analyzed the gauge nature (frame-dependence) of the notions of one-way velocity 
of light and spatial distance and compared the results of the 3-1-1 point of view (admissible 
global notions of simultaneity and instantaneous 3-space) with those of the 1-1-3 one (only 
approximate non-global synchronizability of clocks and non-existence of an instantaneous 
3-space, locally replaced with the 3-space of the vectors orthogonal to the observer world- 
line) . 

Then we have applied the formalism of the admissible 4-coordinate transformations to 
various problems. 

A) We have delineated a method for building a grid of radar 4-coordinates after having 
assigned an admissible modification of Einstein convention plus a convention on how to build 
fixed-time 3-coordinates. This method could be used by a set of spacecrafts or sateUites like 
in the GPS setting. 

B) We have given the 3-1-1 point of view on the rotating disk and the Sagnac effect. 

C) We have evaluated the correction of order to the one-way time transfer between an 
Earth station and a sateUite due to the rotation of the Earth, after having estabhshed a grid 
of radar coordinates like in A) and we have given a re-interpretation of the ACES mission 
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as the determination of the deviation from Einstein's convention of the chosen notion of 
simultaneity. Similar calculations could be done for LISA and VLBI. 

D) We have studied the description of the electro-magnetic field with a parametrized 
Minkowski theory and analyzed in detail the restriction to an arbitrary notion of simultane- 
ity. As a consequence we have determined the most general form of Maxwell equations in 
a non-inertial system and studied in detail the case of foliations with parallel hyper-planes 
and rotating 3-coordinates. This will be useful in the study of the magneto-sphere of pulsars 
and of the energy balance for the radiation emitted by accelerated charges. 

The technology developed in D) will be needed for the study of a new method of quanti- 
zation of relativistic particles and of the electro-magnetic field in non-inertial frames [117]. 
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APPENDIX A: THE SAGNAC EFFECT FROM NON-INERTIAL MAXWELL 
EQUATIONS. 



Let us now sketch how it is possible to derive the Sagnac effect from Maxwell equations 
in non-inertial system as suggested in Ref.[58]. 

To find the bridge between the geometric derivation of the Sagnac effect and the non- 
inertial equations of motion of the electro-magnetic field, we can use the eikonal approxima- 
tion. To do this we specify a embedding Zp{T, a) of the form (6.110), that is such that the 

hyper-surfaces arc parallel hypcr-plancs with constant normal l^. 

It is convenient to use gauge fixed vector potentials ^s(t, a) satisfying the conditions 



^Af(r, a) 



r,cT 



0, 



d 



,a)A,{T, a)j 



(Al) 



V7F(r, a) da^ 

These conditions correspond to a radiation gauge for the incrtial observers with coordi- 
nates T, C{t, a) — W s{t-i c) ct*- Using the notations of Eq.(6.110), they imply 



1 



d 



{y/M^)gF''ir, a) Ab(t, a)) = 0. 



V(r, a) da^ 

Then we make the following ansatz for the potential 



(A2) 



^b(t,^) = —AB{r,a) exp[iuj^{T,a)], 



(A3) 



where a; is a frequency. We assume the validity of the following conditions {eikonal approx- 
imation) 



UJ » 1, 



« 1. 



At order 1/u; the equations of motion (6.89) give 



(A4) 



Ad9f 



AB 



9$ 9$ d'^ 

The condition (A2) gives at the same order 



AbQf 



BA 



(9$ 



(r, a) + Oil/u) = 0. 



(A5) 



(r, a) + O{l/uj)^0. 



(A6) 
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Therefore we get the eikonal equation 



^Ar,a)^(r,a)^(r,a) = 0. 



(A7) 



Let us make the ansatz that there is a solution of the type (this is the weak point of the 
derivation, because strictly speaking this solution requires a static metric; one should show 
that the deviations from the static case are negligible!) 



$(r,a) =r + ^((T). (A8) 

We want to evaluate the infinitesimal variation of the \& along a infinitesimal 3- 
dimensional displacement tangent to a curve c'^(A). Namely we want to evaluate 



(A9) 



To do this, we transform the 3-dimensional curve (j'^{X) in Minkowski space-time in a 
world-line by introducing a r(A) such that 



so that we get 



$(t(A), a(A)) = const., 



— (T(A),a(A))-^^ = 0. 



(AlO) 



(7" 



dX 



From the eikonal equation (A7) we obtain 



a{X) 



da^{X)_ 
dX 



(r(A),a(A)), 



(All) 



(A12) 



where a (A) is a multiplier depending of the choice of the affine parameter A. Then we also 
have 



9f yj\X),(^[X)) 



0. 



dX dX 
Therefore (t^{X) is a null curve. Prom Eq.(Al2) and using the (A8), we obtain 



(A13) 



q(A) 
a{X) 



d.r(X) 






' dX 




da' 


da'{X) 






dX 


9f 


da' 



+ 9¥ 



+ 9V 



(r(A),a(A)), 
(r(A),a(A)). 



(A14) 
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Using the second of these equations we obtain 



da"- 



dX 



(9^ 

da' 



9f 



da^ da' 



:9f 



(r(A),a(A)). 



(A15) 



Summing the first of Eqs.(Al4) with Eq. (A15) and using Eqs.(A7) and (A8), we obtain 



a* da'\X) dT{X) 



(A16) 



da^' ' " dX dX 
We can think a ray of hght constrained to follow a curve a{\) as a sequence of wave plane 
solutions of the type (A3) covering infinitesimal distances {da^{X)/dX)dX. Then the phase 
shift accumulate by this ray of light along a finite length on the curve is 



dX 



drjX) 
dX 



(A17) 



where r(A), a{X) is a null curve. 

This justifies the geometrical calculus of Subsection C of Section VI. In that case the 
3-dimensional curve was the circle on the hyperplane and the r((/9) was built imposing 
Eqs.(Al3) [see Eq.(6.26) for (p{t)] obtaining so the two solutions corresponding to the two 
directions. 
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APPENDIX B: A FAMILY OF FOLIATIONS WITH HYPER-PLANES CLOSED 
UNDER LORENTZ TRANSFORMATIONS. 



In this Appendix we study a family of admissible embeddings with parallel hyper-planes 
closed under the action of the Lorentz transformations of the inertial system, namely such 
that a Lorentz transformation maps one member of the family onto another of its members. 

Let us consider the [/-dependent family of embeddings of Eq.(6.111) 



4^(r, a) = x^{Q) + U^{t) xu{t) + e^f (C/(r)) e[}(r, B) = 
= a;^(r) + F^(r,a), F/;(r,0) = 0, 



x^u{t) = x^{Q) + U^{t) xu{t) + e^(C/(T)) x\j{t), 

i\j{T, a) = x\j{t) + r(r, a), F/;(r, a) = e^f (C/(r)) C(r, a), (Bl) 

where C/'*(t) is the unit normal to the hyper-surface and tf^, ^ri^) columns of 

the standard Wigner boost sending a,t rest. As a consequence the hyper-sufaces of this 
foliations are parallel hyper-planes. The e^(C/) are a triad of space-hke four-vector such that 
[89] 

. de^(U) 

C/^e^(C/) = 0, e^(C/)e^,(C/)=77„6, C/^ = 0, 

e^,{AU) = A'^.el{U)R,a{A,U), (B2) 

where Rba{A, U) is the Wigner rotation associed to the Lorentz transformation A by the 
standard Wigner boost L{U,Uo), such that = L'^{U,Uo)iy^ {U^ = (1,0,0,0)). By 
definition we have [L{U ,Uo) A L-\U ,Uo)fj = Ra=i,b=j{A,U), [L{U,Uo) AL-\U,Uo)]"o = 1, 
[L{U, U,) A L-\U, U,)]\ = [L{U, do) A L-\U, U,)]"j = 0. 

When we add the free relativistic particle X^(r) of unit mass to the Lagrangian (6.71), 
its conjugate momentum U^{t) ({X'*(r), U:,{t)} = —1]^) realizes the parameter of the family 
as a canonical variable, which satisfies the extra first class constraint 

Xir) ^ eU\r) - 1 ^ 0, ^ ^"(r) = ^^^^ ^ ^^(r). (B3) 
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The new Dirac hamiltonian (see Eq.(6.75); we momentarily ignore the electro-magnetic 
constraints) is 



HDir) 



A±(r, a)H±{T, a) + ^(r, a)Hr{T, a) + k{t) x(r 



(B4) 



The canonical generators (6.73) of the Poincare group are replaced by 



P^{t) = U^{t)+ j d'aff{T,a), 

jr(T) = X'^{r)U^{T)-X''iT)U'^iT) + I d'a[z^{T,a)p^{T,a) - z''iT,a)p>^iT,a)].{B5) 

To identify the cmbcddings (Bl) wc cannot use the gauge fixings (6.77) implying 
z^{t, a) ~ Zp{T, a) = x^{t) + F^{t, a). Instead we have to introduce the gauge fixing 



S{r, a) = U^{r) [z,{r, a) - z,{r, 0)] ^ 0, 



(B6) 



implying 



zi'ir, a) ^ e{T) U^{t) + e(f(C/(T)) X(t, a) = 

= z^{t, 0) + e^{U{T)) [X(r, a) - A^{t, 0) 



e{r) ^eU^{r)z^{r,6), A^{r,a) = -eel,{U{r)) z^{r, a), 



z^{t, 0) = e{T) U^{t) + e^f(f7(T)) X(r, 0), 



<(r,a)«.6^(C/(r)) 



dA'jr, a) 



qrs(T,a) pa — e > -^^ 



(B7) 



Therefore the gauge fixing (B6) implies that the simultaneity surfaces E^- are hyper-planes 
orthogonal to the arbitrary time-like unit vector U^(t), which is a constant of the motion 
since Eq.(B4) implies ^^^^r-^=0. 

The time preservation of the gauge fixing (B6) implies 
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S{t, a)^0 ^ Ax(r, a) - ~X±{t, 0)^0^ X±{t, a) ^ /x(t), (B8) 

dr 

and then in the reduced theory we have the Dirac Hamiltonian (still ignoring the electro- 
magnetic constraints) 

Hoir) ^ l^{r)n±{T) + J d^a\'-{T,a)nr{r,a)+K{r)x{r), (B9) 



where 



and [see Eqs.(6.74) ] 



H^{t) = J d^an±{T,a) ^ 0, (BIO) 



n±{T, a) = P(t, a) n^{T, a) ^ Huir, B) = U''{t) n^{T, a) 



HriT, a) = zi^iT, a) n^,{T, a) = z^^ir, a)p^{T, a) - eTrr{z^{T, a), I) 
dA'ir, a) 



^sW[^)) — — ri;,[r, a) = — — — nus{r, a) = 



da' 



■ Pus{r, a) - eTrr{T, a) fti 0, 



puir, a) = U^ir) p^{t, a), pur{r, a) = e^f (^/(r)) p^(t, a). (Bll) 

Here we introduced the notation I — ^Aa{t, a),n^{T, a)j [{Aa{t, a),n^{T, a')} = 6^ 6^{a — 
a')] to denote the electro-magnetic canonical variables. 

Introducing the variable (the internal mass of the electro-magnetic field on the simul- 
taneity and Cauchy surface E^) 

Muir) = J d'apuir,a), {e{r),Muir)} = e, (B12) 
the constraint (B9) can be written in the form 
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H±{t) 



£[A^{T,a),I] = J C?^a-[7V^(2;'^(T,CT),X)]evaluated on the gauge fixing- (B13) 



We also have 



ffir, a) ^ e [puir, a) U^{t) - e(f(C/(T)) pc/.(t, a)] , 



Pu (t, a) ^ e Trr {A^ (r, a) , J) = e [Trr {z'' (r, a), I)] 

evaluated on the gauge fixing- 

(B14) 

Then we can rewrite the constraints Tlr{T, ct) ~ in the form 



dA^ir a) 



Ttj.{^A (t, (t), X) \^.^r{^Z^{T^ (j), X)]evaluated on the gauge fixing- 



(B15) 



Eqs.(B13) show that the gauge fixing (B6) and the constraints 'Hu{t, a) — S^{a) Tiuij) = 
U'^{T)[n,{r,a) - d%a) Jd^a,n,ir,a,] = Uir)n,ir,a) - H^{r)6\a) ^ Pu{r,a)- 
e[7V^(T, a) — S^{ff) J (i^cTi r^^(T, ai)] ~ 0, with pu{T,a) — pu{T,a) — eMu{T), form a pair 
of second class constraints and the surviving first class constraints are H±{r) fa and 
Hrir, a) ^ 0. 

After the gauge fixing (B6), a set of canonical variables for the reduced embedding are 

0{t), Mu{t), A^{t, a), puri'^, Note that they have non zero Poisson brackets with X'^(r), 
which therefore has to be replaced with a new X'^{t) to complete the canonical basis with 
X^ir) and U^ir). 

It can be shown that the Dirac brackets associated to the gauge fixing (B6) are 
To show the validity of Eq.(B16), let us consider the constraints Huir) = J (faHu{T,^) = 
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{A{T),Bir)r^{A{r),Bir)} + 



+ J dMiMr), S{t, a)}{nu{T, a), B{t)} - {B{t), S{t, a)}{nu{T, a), A(t)}], 

ff{T, a) ^ f,r{A'{T, a),I) U^{t) - ee,^(t/(r)) pur{r, a), 

^ [l + Mu{T)]U>'{T)-ee';:{U{T)) J d^a pur{r, a). (B16) 

It is easy to verify the following brackets [here F{I) is a function of the canonical variables 
I only] 

{Fi(X),F,(X)r = {Fi(X),F,(X)}, 
{A'ir, a),A\T, a')}* = {pur{r, &),pusir, B')}* = 0, 
{X(r, a),pus{r, a')}* - -e 61 S{a - a'), 
{X(r,a),F(X)}* = {pur{T,a),F{I)r = 0, 



C/'*(t) / d?an^,{T,a) w and nur{T,a) = et^{U{T))n^,{T,a) w 0, which are weakly equal to H^{t) w 
and Hr{T,a) « when we add the gauge fixing S{T,a) w 0. These constraints have weakly vanishing 
Poisson brackets among themselves when S{t, a) k, 0. We have {5'(t, ct), 7it/(T, <? } = <5'^((t) — 5'^{(j — a ) 
[compatible with ^(t, 0) 0] and this implies {^(t, a), 7^(7(0)} = J d^a {S{T,a),nu{T,a' )} = 
and {S{T,(T),Hu{T,a — S^{(t)Hu{t)} = 0. To find the Dirac brackets associated to the second 

class constraints S(t,(j) ~ 0, Tlij{T,a) — (a) Ti.ij (t) w 0, we make their expansion around a = 0. 
Then the multipoles H„,™,™3M = ^r^iLm,^. I d^'a {a')'"^ (a^Y^^ {a^r^ Hu{T,a), S^,^,^,{t) = 

mi 7712 m-s | CT=0 ) Satisfy tllG algcbra {'S'77T,j^T7i2m3('^)?^ni 712^3 ('^)} ~ ^mini ^7712^2 ^msns ? 



mi! 7712! 7713' 



{•S'mimsmaW.'S'nin^na} = 0, {Wmim^ms W„i„2„3 (t)} Ri 0. This allows to get Eq.(B16) with Hu{T,a) 
in place of 'H±{t, a). Then this result weakly implies Eq.(B16). 
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{Mu{T),e{T)y^{Mu{T),e{T)}^e, 



{^(r),F(X)}* = {e{T),A'{T,a)Y = {9{T),pur{r,a)Y=0. 



(BIT) 



Moreover we have 



{U>^{t),F{I)Y = {U^{T),A'-{T,a)Y = {U^{T),pur{T,a)Y 



{u'^{t),Mu{t)Y = {u'^{T),e{T)Y = 0. 



(B18) 



Since the Dirac brackets of X^^^t) with the other canonical variables are very complicated, 
we do not give them. 

All these brackets show us that the pairs 0{t), Mu{t), A^{t, a), puri'T, ^^{'t): U^{t) 
together with the original variables I are a canonical basis for the reduced phase space, if 
X^(r) is a suitable replacement of X^(r). To find X'^(r) we have first to study the Lorentz 
covariance of the new variables on the reduced phase space. 

Let us first observe that Eqs.(B6) imply 



so that the Dirac brackets (B16) change neither the Poisson algebra of the generators J^^ 



(B19) 



{jrir),jr{T)Y = {jrir),jr{T)} = c^j''jf{T), 



f^fivpa _ „i^„P„HT I n (7 up _ V a HP _ „H„P„. 
^aP — VaVpV +VaVpV VaV/3V VaVfiV 



(B20) 
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nor the transformations properties of the canonical variables on the reduced phase space. 
In particular we have the Lorentz scalar variables 

{ Jr(r), F{X)Y = { Jr(r), Mu{t)Y = { Jr(r), ^(r)}* = 0. (B21) 

On the contrary the variables A^{t, a), Pij{t, a) — rf^ pusi^i ^) are not scalar, but they 
transform as Wigner spin-1 3-vectors since the tetrad fields e'^{U) are the columns of the 
standard Wigner boost L{U, Uo) for time-like Poincare' orbits. 

In fact by using the infinitesimal transformations 

in the last of Eqs.(B2), we obtain 

{Vf.u + Scu^.) e'^iU) (S,r + D,r{U) 5uj,p) = e^(C/) + ^5a;,,{e^(C/), J;^(t)}. (B23) 

Then we get 

{e^^iU), r/{T)} = -v''<{U) + V^^'e^riU) + 2 D,/^([/)e^(t/), (B24) 

and finally 

{X(r,a),Jr(r)r = {e^,{U) z^^ir, a), J^^ir)} = -2 Drs'''{U) A%t, a), 

{pljir, a), Jr(r)}* = {e;(C/) z^(r, a), J^^ir)} = -2 L>,/^(C/) p^r, a). (B25) 

Since we have 
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{em, r/{T)} = {u,{tI r/{T)} = ^'"^^^ 



r]P^lJ"{T)-r]'^lJP{T) , (B26) 



we obtain the following expression for the matrix D 



dU/3 dUa J 



(B27) 



To find the last canonical variables X^^{t), let us define 

L^'^(r) = Jr(T) - Drs^'^iU) J d'a [A'(r, a) p\j{t, a) - A'{t, a) p\j{t, a)\ . (B28) 
Then from Eq.(B5) we get 



with 



(B29) 



evaluated on the gauge fixing 



D^riU) j c?V [X{t, B) pUt, B) - A'{t, a) p\j{t, a)] = 



-^=i== j d'a (^(r)6::(t/(r)K(r,a)-e::(t/(r))^'-(r,a)p,;(r,a)) + 



+ ' esa{U{T)) / d'aA'-{T,a)pUr,a 



-{p^u) 



def 



U''{t)W'{t)-{p^v). 



(B30) 



Therefore we get 
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= (X^(t) - H/^(r))t/'^(r) - (/X ^ I/) = X^'{t)U''{t) - X'^(T)t/'^(T), 



dDrs"'^{U) dDrs'^^iU) 



an.. J 



S^^ = J d'a{A'ptj-A'ph)ir,B), (B31) 



where 



= XnT) + ;^^^=== 1 (^(r)6^(C/(r)K(r,a)-6if(;7(r))^^(r,a)pt,(T,a)) + 

+ ^^^^^ e.a(J/(r)) / d'aA'ir, a) p^r, a) (B32) 

We see that S^'^ does not satisfy the right algebra for a spin tensor: this suggests that a 
further modification of X^^{t) should be possible so to obtain a real spin tensor. 

From Eqs.(B2) we get 



U^{t) W^{t) = U^{t) X^(r) = U^{t) X^{t), (B33) 

so that we can write 



X^{t) = {(j'^iT) X,{t)) IJ^{t) + L^'{t)U,{t) ^ 



1 



{U'^{t) X,{t)) W^ir) + J^'{t)U,{t)- 



SsaiU) j d'a [X(t, a) p^r, a) - A\r, a) p\j{t, a)] . (B34) 
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By construction we have 

{L>^^{t),F{I)Y = {L>^^{T),A^{T,a)y = {L^^{T),pur{r,a)r = 

= {L^^ir), Muir)}* = {L^^ir), ^(r)}* = 0, 

{L^'^ir), t/"(r)}* = r]'"'U^'{T) - rj^'^W^ir), (B35) 
and then we can get 

= {X^(r), M,;(r)}* = {X^(r), ^(r)}* = 0. (B36) 
A long and tedious calculation allows to get 

{x^{T),x''{T)r = 0, 

{X^{r),U''{r)r = 
{L^'^(r),L'^^(r)r = C^7''L-/^(r), 

{L'"'{t),X''{t)}* = ri'"'X>'{T)-ri>"'X''{T). (B37) 

The looked for final pairs of canonical variables are given by X^(r), U^{t). Let us remark 
that X^^ is not a Lorentz four-vector since we have 

{J'^^(r),X"(r)}* = r]''''X^'{r)-r]^'''X''{r) + 



+ 



j d'a [A^{t, a) pUt, a) - A^r, a) p^r, a)] . (B38) 
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Following Ref.[43] we can make the canonical transformation: (X'*, i— > (C/^X'* = 
C/^X^,v/eC72 ^ l),(z,k ^ tJ/VelP ^ U) with the Newton- Wigner-like non-covariant 
3-vector z = VelP {X - U/U") fa X - U/Vl - U^- 

In conclusion with these Dirac brackets the Poincare' algebra is still satisfied [{P^, Pg}* — 
0, {Ff, Jf^}* = rj^'PP^ - rj^^PgP, {Jr,JI^}* = C^T^jf] and the final algebra of the 
surviving first class constraints is 



{H^{T),nr{T,a)y = 0. (B39) 

If we want to recover the embedding (Bl), i.e. Eq.(6.110), we must add the following 
gauge fixings to the first class constraints H±{t) fs and Hr{r, ct) fs 

z'^(r,0) = x^(r), 



A^[t, a) inverse oj 



da' 
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[t, a) + 



+x^(0) [e;mr)) I d'aA^^{r,a)-el{U{T)) / d'aA^%T,a) 



P^{t) ^ [l + 8ru{T, a) + elipir)) x"(0), J]] U^{t) - 

-e(f(J7(r)) j d'aAt{T,a)frsiCUr,ff) + el{U{T))x^{0),I). (B40) 



The stability of the gauge fixings (B40) and ^^^^=0 imply /i(r) 



-X' 



u 



dr 



-eA:{T,a) 



(f>(r)) 



dr 



for 



the Dirac multipliers appearing in the Dirac Hamiltonian (B9) and in the associated Hamil- 
ton equations. If we go to new Dirac brackets, in the new reduced phase space we get 
Hd = + {electro — magnetic constraints) and this Dirac Hamiltonian does not 

reproduce the just mentioned Hamilton equations after their restriction to Eqs.(B40) due 
to the explicit r-dependence of the gauge fixings. As a consequence, in analogy to what 
was done to get Eqs.(6.81) and (6.84), we have to find the correct Hamiltonian ruhng the 
evolution in the reduced phase space. A look at the Hamilton equations shows that this 
Hamiltonian is 



H = -,x{T)£[Cu{T,a) + el{U{T))x^{Q)a]- 

- j ciVy(T,a)T;,(G(T,a) + 6;:(t/(T))a;^(0),X) + 

+ j rfV [A,(r, a) n^(r, a) - A,{r, a) r(r, a)] = 



= i|^(r) [u,{T)S[Cu{r,a) + e;{U{T))x^{0),I] - 
- er,{U{T)) f d'af^rmr^a) +el{U{T))x^{0),I) 



+ 



dr 



frrmr,^) + e;mr))x^(0),l) + 



+ J d^a [Xr{T, a) n^{T, a) - Ar{T, a) T{t, a) 
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= i;^(r) [Ps, - U,{t)\ + 

+ J d'aAlir, a) f^r^r, a) + e;iU{r)) x^{0),I) + 

+ J d^a [Xr{T, a) tt^{t, a) - A^{t, a) r(T, a)]. (B41) 

Wc find that, apart from the contribution of the remaining first class constraints, the 
effective non-inertial Hamiltonian ruhng the r-evohition seen by the (in general non-inertial) 
observer x'^{t) (the centroid origin of the 3-coordinates) is the sum of the projection of the 
total 4-momentum along the 4- velocity of the observer (without the term pertaining to the 
decoupled unit mass particle it is the effective internal mass) plus a term induced by the 
differential rotation of the 3-coordinate system around the world-line of the observer (the 
potential of inertial forces) . 

To ehminate the constraint x{'^) = e ^/^(t) — 1 we add the gauge fixing 



U,{t) X^{t) -ee{T) = U,{t) X^{r) - e^(r) « 0, ^ k{t) = ~ 9{t), 



(r) = (r, (r ) ) , for some (r) , 
(r) = z^" (r, Bx{t)), for some <tx (r) , 



U^{r) = (\Jl + k^-k\T))=U>'{k), 

X^^{t) = (vT+^[e^(r) + MT)-^(T)]; 

z\t) + k\T) [ee{r) + k{r) ■ z{t)]) = z^{r,a^{T)), 

= y - z^ k\ L"^ = = -z' + (B42) 



After having introduced new Dirac brackets, the extra added point particle of unit mass 

— * 

is reduced to the decoupled non-evolving variables z, k and the not yet determined Bx{t) 
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and (Tx(t) give the 3-location of X^{t) and X^{t), respectively, which do not coincide with 
the world-hne x^{t) of the non-inertial observer. Now we get X (r) = 9{t) U^{t) and this 
determines ^xir) as solution of the equation ^"^ ^g^^^^^^ + ^^^g^i^\a=a^{T) ^j^i'^) — 0- 

Since Eq.(B35) remains true, we still have that under a Lorcntz transformation A we get 
U" ^ A'^^ Moreover, we still have i;^(r) = e{r) U^'{t) + eJ!(C/(T)) A''{t, 0), namely the 
4- velocity of the non-inertial observer is not orthogonal to the hyper-planes E^. 

Finally the embedding (4.1) with a fixed unit normal implying the breaking of the 
action of Lorentz boosts, is obtained by adding by hand the first class constraints 

Ui'{k) -F^O, (B43) 

which determine the non-evolving constant k. The conjugate constant z can be eliminated 
with the non-covariant gauge fixings 

z^O, ^ X^{t) ^ ee{T) U^{t). (B44) 

The constraints (B43) and (B44) eliminate the extra non-evolving degrees of freedom k 
and z of the added decoupled point particle, respectively. 

At this stage only the electro-magnetic canonical variables are left and Eq.(B40) deter- 
mine the Poincarc' generators. It is not clear if in this case there is a non-inertial analogue 
of the internal Poincare' group of the rest-frame instant form. 

To recover the rest-frame instant form, having the Wigner hyper-planes orthogonal to the 
total 4-momentum as simultaneity surfaces, we must require U^{t) — / y/ ep^ ~ instead 
of Eq.(B43). Then from Eq.(B40) we get the rest-frame conditions €^^{U) ~ (whose 
gauge fixing is the vanishing (B44) of the internal center of mass ffxi^) ~ 0, sec Rcf.[43]) 
and the invariant mass S + 1, which is the correct one if we neglect the constant extra mass 
1. 

The technology of this Appendix could be used to study a family of admissible embed- 
dings, whose leaves are general space-like hyper-surfaces, closed under the action of the 
Lorentz group. 



127 



[1] J.Kovalevski, 1. 1. Mueller and B.KoIaczek, Reference Frames in Astronomy and Geophysics 
(Kluwcr, Dordrecht, 1989). 

O.J. Severs and J.L.Fanselow, Astrometry and Geodesy with Radio Interferometry: Experi- 
ments, Models, Results, Rev.Mod.Phs. 70, 1393 (1998). 
[2] M.H.Soffel, Relativity in Astrometry, Celestial Mechanics and Geodesy (Springer, Berlin, 
1989). 

[3] M.Soffel, S.A.Klioner, G.Petit, P. Wolf, S.M.Kopeikin, P.Brctagnon, V.A.Brumberg, 
N.Capitaine, T.Damour, T.Fukushima, B.Guinot, T.Huang, L.Lindegren, C.Ma, 
K.Nordtvedt, J.Ries, P.K.Seidelmann, D.Vokroulicky', C.Will and Ch.Xu, The lAU 2000 
Resolutions for Astrometry, Celestial Mechanics and Metrology in the Relativistic Frame- 
work: Explanatory Supplement (astro-ph/0303376). 

[4] K.J. Johnstone and Chr.de Vegt, Reference Frames in Astronomy, Annu. Rev. Astron. As- 
trophys. 37, 97 (1999). 

[5] S.M.Kopeikin, Celestial Coordinate Reference Systems in Curved Space-Time, Celestial Me- 
chanics 44, 87 (1988). 

V.A.Brumberg, Essential Relativistic Celestial Mechanics (Adam Hilgcr, Bristol, 1991). 
T.Damour, M.Soffel and C.Xu, General Relativistic Celestial Mechanics. 1. Method and Def- 
inition of Reference Systems, Phys.Rev. D43, 3273 (1991); General Relativistic Celestial 
Mechanics. 2. Translational Equations of Motion, Phys.Rev. D45, 1017 (1992); General 
Relativistic Celestial Mechanics. 3. Rotational Equations of Motion, Phys.Rev. D47, 3124 
(1993); General Relativistic Celestial Mechanics . 4- Theory of Satellite Motion, Phys.Rev. 
49, 618 (1994). 

C.M.Will, Theory and Experiment in Gravitational Physics, rev.ed. (Cambridge Univ.Press, 
Cambridge, 1993). 

[6] B.Guinot, Application of General Relativity to Metrology, Metrologia 34, 261 (1997). 
[7] S.A.Basri, Operational Foundation of Einstein's General Theory of Relativity, Rev.Mod.Phys. 
37, 288 (1965). 

[8] L.Lusanna and M.Pauri, The Physical Role of Gravitational and Gauge Degrees of Freedom 
in General Relativity - I: Dynamical Synchronization and Generalized Inertial Effects, (gr- 
qc/0403081). 

L.Lusanna and M.Pauri, The Physical Role of Gravitational and Gauge Degrees of Freedom 
in General Relativity - II : Dirac versus Bergmann Observables and the Objectivity of Space- 
Time, in preparation. 

L.Lusanna, The Chrono- Geometrical Structure of Special and General Relativity: Towards 
a Background-Independent Description of the Gravitational Field and Elementary Particles, 
invited paper for the book Progress in General Relativity and Quantum Cosmology Research, 
(gr-qc/0404122). 

[9] L.Lusanna and M.Pauri, General Covariance and the Objectivity of Space-Time Point- 
Events: The Physical Role of Gravitational and Gauge Degrees of Freedom in General Rela- 
tivity (gr-qc/0301040). 

M.Pauri and M.Vallisneri, Ephemeral Point-Events: is there a Last Remnant of Physical Ob- 
jectivity?, essay for the 70th birthday of R.Torretti, Dialogos 79, 263 (2002) (gr-qc/0203014). 
L.Lusanna, Space-Time, General Covariance, Dirac-Bergmann Observables and Non-Inertial 



128 



Frames, talk at the 25th Johns Hopkins Workshop 2001: A Relativistic Space-Time Odyssey, 
(gr-qc/0205039), eds D.Dominici ct al. (World Scientific, Singapore, 2003). From Einstein's 
Hole Argument to Dirac and Bergmann Observables, talk given at the 15th SIGRAV Confer- 
ence on General Relativity and Gravitational Physics, Villa Mondragone (Roma) , September 
6-10, 2002. 

[10] A.Einstein, On the Electrodynamics of Moving Bodies, in The Principle of Relativity (Dover, 
New York, 1962), pp. 37-65 [originally published in Ann. Phys. (Leipzig) 17, 891 (1905)]. Rel- 
ativity, the Special and General Theory (Methuen, London, 1920). 

[11] L. Landau and E.Lifschitz, The Classical Theory of Fields (Addison- Wesley, Cambridge, 
1951). 

[12] CM. M0ller, The Theory of Relativity (Oxford Univ.Press, Oxford, 1957). 

[13] V.Perlick, Characterization of Standard Clocks by means of Light Rays and Freely Falling 

Particles, Gen.Rel.Grav. 19, 1059 (1987). Characterization of Standard Clocks in General 

Relativity, in Semantic Aspects of Space- Time Theories, eds. U.Majer and H.J.Schimdt (Bl- 

Wissenschaftsverlag, Mannheim, 1994). 
[14] J.Ehlers, F.A.E.Pirani and A.Schild, The Geometry of Free-Fall and Light Propagation in 

General Relativity, Papers in Honor of J.L.Synge, ed. L.O'Raifeartaigh (Oxford Univ.Press, 

London, 1972). 

[15] H.Reichenbach, Axiomatik der relativistischen Raum-Zeit-Lehre (F.Vieweg and Sohn, Braun- 
scweig, 1924). English translation: Axiomatization of the Theory of Relativity (University of 
California Press, Berkeley/Los Angeles, 1969). The Philosophy of Space and Time (Dover, 
New York, 1958). 

A.Griinbaum, Amer.J.Phys. 23, 450 (1955). Philosophical Problems of Space and Time 
(A.A.Knopf, New York, 1963; 2nd edition Reidel, Dordrecht, 1973). 
[16] D.Malament, Causal Theories of Time and the Conventionality of Simultaneity, Nous, 11, 
293 (1977). 

[17] D.Giulini, Uniqueness of Simultaneity {gr-qc/ 0011050). 

[18] R.Andcrson and G.E.Stcdman, Distance and the Conventionality of Simultaneity in Special 

Relativity, Found.Phys.Lctt. 5, 199 (1992). 
[19] R.Anderson, LVetharaniam and G.E.Stedman, Conventionality of Synchronization, Gauge 

Dependence and Test Theories of Relativity, Phys.Rep.295, 93 (1998). 
[20] M.Schon, Twin Paradox without One-Way Velocity Assumption, Found. Phys. 28, 185 (1998). 
[21] M.M.Capria, On the Conventionality of Simultaneity in Special Relativity, Found. Phys. 31, 

775 (2001). 

[22] E.Minguzzi, On the Conventionality of Simultaneity, Found.Phys.Lett. 15, 153 (2002). Si- 
multaneity and Generalized Connections in General Relativity, Class. Quantum Grav. 20, 
2443 (2003) (gr-qc/0204063). 

E.Minguzzi and A.Macdonald, Universal One-Way Light Speed from a Universal Light Speed 
over Closed Paths, Found.Phys.Lett. 16, 587 (2003) (gr-qc/0211091). 

[23] P.Havas, Simultaneity, Conventionalism, General Covariance and the Special Theory of Rel- 
ativity, Gen.Rel.Grav. 19, 435 (1987). 

[24] R.F.Marzke and J.A.Wheeler, Gravitation as Geometry- L the Geometry of the Space-Time 
and the Geometrodynamical Standard Meter, in Gravitation and Relativity, eds. H.Y.Chiu 
and W.F.Hoffman (Benjamin, New York, 1964). 

C.W.Misner, K.S.Thorne and J.A.Wheeler, Gravitation (Freeman, New York, 1973). 
[25] N.Ashby and D.W.Allan, Phys.Rev.Lett. 53, 1858 (1984). 



129 



[26] L. Landau and E.Lifschitz, Mechanics (Addison- Wesley, Cambridge, 1951). 

[27] L.Lusanna, Towards a Unified Description of the Four Interactions in Terms of Dirac- 
Bergm,ann Observables, invited contribution to the book Quantum Field Theory: a 20th Cen- 
tury Profile, of the Indian National Science Academy, ed.A.N.Mitra, forewards by F.J.Dyson 
(Hindustan Book Agency, New Delhi, 2000) (hep-th/9907081). 

[28] J.L.Syngc, Relativity: The General Theory (North-Holland, Amsterdam, 1964). 

[29] B.Mashhoon, The Hypothesis of Locality and its Limitations, (gr-qc/0303029). 

[30] B.Mashhoon, Limitations of Spacetime Measurements, Phys.Lett. A143, 176 (1990). The 
Hypothesis of Locality in Relativistic Physics, Phys.Lett. A145, 147 (1990). Measurement 
Theory and General Relativity, in Black Holes: Theory and Observation, Lecture Notes 
in Physics 514, ed. F.W.Hehl, C.Kiefer and R.J.K.Metzler (Springer, Heidelberg, 1998), 
p. 269. Acceleration-Induced Nonlocality, in Advances in General Relativity and Cosmology, 
ed. G.Ferrarese (Pitagora, Bologna, 2003) (gr-qc/0301065). 

[31] B.Mashhoon and U.Muench, Length Measurement in Accelerated Systems, Ann.Phys. 
(Leipzig) 11, 532 (2002). 

[32] J.Stachcl, Einstein and the Rigidly Rotating Disk, in General Relativity and Gravitation, ed. 
H.Held (Plenum, New York, 1980). 

[33] R.D.Klauber, New Perspectives on the Relativistically Rotating Disk and Non-Time- 
Orthogonal Reference Frames, Found.Phys.Lett. 11, 405 (1998). 

[34] C.Itzyknson and J.B.Zuber, Quantum Field Theory (McGraw-Hill, New York, 3rd printing 
1987). 

[35] A.Harpaz and N.Soker, Radiation from a Uniformly Accelerated Charge, Gen.Rel.Grav. 30, 
1217 (1998). 

S. Parrot, Radiation from a Particle Uniformly Accelerated for All Time, Gen.Rel.Grav. 27, 
1463 (1995)(gr-qc/9711027). Radiation from a Uniformly Accelerated Charge and the Equiv- 
alence Principle, Found. Phys. 32, 407 (2002) (gr-qc/9303025). Asymptotics of Rohrlich's 
Equation of Motion for Charged Particles (gr-qc/0205065). Energy Radiation of Charged 
Particles in Conform,ally Flat Spacetimes (2003, gr-qc/9308023). 

[36] H. Crater and L. Lusanna, Ann. Phys. 289, 87 (2001) (hep-th/0001046). 

D. Alba, H. Crater and L. Lusanna, Int. J. Mod.Phys. A16, 3365 (2001) (hep-th/0103109). 

[37] S.Boersma and T.Dray, Gen.Rel.Grav. 27, 319 (1995). 

[38] R.J.Jantzen, P.Carini and D.Bini, The Many Faces of Gravito-Magnetism, Ann.Phys. (N.Y.) 
215, 1 (1992)(gr-qc/0106043). Relative Observer Kinematics in General Relativity, 
Class. Quantum Grav. 12, 2549 (1995). The Intrinsic Derivatives and Centrifugal Forces 
in General Relativity. 1 Theoretical Foundations, Int.J.Mod.Phys. D6, 1 and 2 Applica- 
tions to Circular Orbits in some Familiar Stationary Axisymmetric Space-Times, D6,143 
(1997)(gr-qc/0106013 and 0106014). The IneHial Forces - Test PaHicle Motion Game, 1998 
(gr-qc/9710051). 

D.Bini, A.Merloni and R.T.Jantzen, Adapted Frames for Space-Time Splittings with an Ad- 
ditional Observer Family, Nuovo Cimento 113B, 611 (1998). 

D.Bini and R.T.Jantzen, Circular Holonomy, Clock Effects and Gravito-Magnetism: Still Go- 
ing around in Circles after All These Years.., Proc. of the 9th ICRA Workshop on Fermi and 
Astrophysics, 2001, eds. R.Ruffini and C.Sigismondi (World Scientific, 2002)(gr-qc/0202085). 

[39] R.K.Sachs and H.Wu, General Relativity for Mathematicians (Springer, Berlin, 1977). 

[40] E.Fermi, Sopra i fenomeni che avvengono in vicinanza di una linea oraria, Atti Acad.Naz. 
Lincei Rend. Cl.Sci.Fiz.Mat.Nat. 31, 184-187 and 306-309 (1922). 



130 



F. K.Manasse and C.W.Misner, Fermi Normal Coordinates and Some Basic Concepts in Dif- 
ferential Geometry, J.Math.Phys. 4, 735 (1963). 

W.T.Ni and M.Zimmermann, Inertial and Gravitational Effects in the Proper Reference 

Frame of an Accelerated, Rotating Observer, Phys.Rev. D17, 1473 (1978). 
[41] K.P.Marzlin, On the Physical Meaning of Fermi Coordinates, Gen.Rel.Grav. 26, 619 (1994). 

What is the Reference Frame of an Accelerated Observer?, Phys.Lett. A215, 1 (1996). 
[42] W.Beiglbock, The Center- of-Mass in Einsteins Theory of Gravitation, Commun.Math.Phys. 

5, 106 (1967). 

J.Ehlers and E.Rudolph, Dynamics of Extended Bodies in General Relativity. Center-of-Mass 
Description and Quasirigidity, Gen.Rel.Grav. 8, 197 (1977). 
[43] D. Alba, L. Lusanna and M. Pauri, Centers of Mass and Rotational Kinematics for the 
Relativistic N-Body Problem in the Rest-Frame Instant Form, J. Math. Phys. 43, 1677 (2002) 
(hep-th/0102087). 

[44] M. Pauri and M.Vallisneri, Marzke- Wheeler Coordinates for Accelerated Observers in Special 
Relativity, Found.Phys.Lett. 13, 401 (2000) (gr-qc/0006095). 

[45] G.Rizzi and M.L.Ruggiero eds., Relativity in Rotating Frames. Relativistic Physics in Rotat- 
ing Reference Frames. (Kluwer, Dordrecht, 2003). 

[46] 0. Gr0n, Rotating Frames in Special Relativity, Int.J.Theor.Phys. 16, 603 (1977). 

T.A.Weber, Measurements on a Rotating Frame in Relativity and the Wilson and Wilson 
Experiment, Am.J.Phys. 65, 946 (1997). 

G. N.Pellegrini and A.R.Swift, Maxwell's Equations in a Rotating Medium: Is there a Prob- 
lem?, Am.J.Phys. 63, 694 (1995). 

C.T.Ridgcly, Applying Relativistic Electrodynamics to a Rotating Material Medium, 
Am.J.Phys. 66, 114 (1998). Applying Covariant versus Contravariant Electromagnetic Ten- 
sors to Rotating Media, Am.J.Phys. 67, 414 (1998). 

R.D.Klauber, New Perspectives on the Relativistically Rotating Disk and Non-Time- 
Orthogonal Reference Frames, Found.Phys.Lett. 11, 405 (1998). 

H. Nikolic', Relativistic Contraction and Related Effects in Noninertial Frames, Phys.Rev. 
A61, 032109 (gr-qc/9904078). 

R.A.Nelson, Generalized Lorentz Transformation for an Accelerated, Rotating Frame of Ref- 
erence, J.Math.Phys. 28, 2379 (1987) [erratum J.Math.Phys. 35, 6224 (1994)] 

[47] G.Trocheris, Electrodynamics in a Rotating Frame of Reference, Philos.Mag. 40, 1143 (1949). 
H.Takeno, On Relativistic Theory of Rotating Disk, Prog. Thor. Phys. 7, 367 (1952). 

[48] J.F.Corum, Relativistic Rotation and the Anholonomic Object, J.Math.Phys. 18, 770 (1977). 
Relativistic Covariance and Rotational Electrodynamics, J.Math.Phys. 21, 2360 (1980). 
B.Chakraborty and S.Sarkar, Physics in Rotating Frames. I. On Uniform Rotation about 
a Fixed Axis in Some Holonomic and Anholonomic Frames, Ann. Phys. (N.Y.) 163, 167 
(1985). 

P.N.Arendt jr. Electromagnetic Forces and Fields in a Rotating Reference Frame, (astro- 
ph/9801194). 

V.Bashkov and M.Malakhaltsev, Relativistic Mechanics on Rotating Disk (gr-qc/0 104078); 

Geometry of Rotating Disk and the Sagnac Effect (gr-qc/0011061). 

[49] R.A.Nelson, Generalized Lorentz Transformation for an Accelerated, Rotating Frame of Ref- 
erence, J.Math.Phys. 28, 2379 (1987) [erratum J.Math.Phys. 35, 6224 (1994)] 

[50] A.Einstein, Zum Ehrenfestschen Paradoxon, Phys.Z. 12, 509 (1911); Die Grunlage der All- 
gemeinen Relativitatstheorie, Annalen der Physik 49, 769 (1916); The Meaning of Relativity 



131 



(Princeton Univ. Press, Princeton, 1950). 
[51] P.Ehrenfest, Gleichformige Rotation starrer Korper und Relativitdtheorie, Phys.Z. 10, 918 
(1909). 

[52] G.Rizzi and A.Taxtaglia, Speed of Light on Rotating Platforms, Found.Phys. 28, 1663 (1998) 
(gr-qc/9805089). 

[53] A.Tartaglia, Lengths on Rotating Platforms, Found.Phys. Lett. 12, 17 (1999). 

[54] G.Rizzi and A.Tartaglia, On Local and Global Measurements of the Speed of Light on Rotating 

Platforms, Found.Phys.Lett. 12, 179 (1999). 
[55] G.Rizzi and M.L.Ruggiero, Space Geometry of Rotating Platforms: an Operational Approach, 

(gr-qc/0207104). 

[56] G.Sagnac, L'e'ther lumineux de'montre' par I'ejfet du vent relatif d'e'ther dans un in- 
terfe'rome'tre en rotation uniforme, C.R. Acad.Sci. Paris 157, 708 (1913). Effet Tour- 
billonnaire Optique. La Circulation de I'e' lumineaux dans un Interfe'rographe Tournant, 
J.Phys.Theor.Appl.(Paris, Societe francaise de physique) series 5, vol.4, 177 (1914). 

[57] G.E.Stedman, Ring-Laser Tests of Fundamental Physics and Geophysics, Rep.Prog.Phys. 
60, 615 (1997). 

[58] E.J. Post, Sagnac Effect, Rcv.Mod.Phys. 39, 475 (1967). 

[59] G.Rizzi and M.L.Ruggiero, The Relativistic Sagnac Effect: two Derivations (gr-qc/0305084). 

[60] N.Ashby and J.J.Spilker, Introduction to Relativistic Effects on the Global Positioning Sys- 
tem, in Global Positioning System: Theory and Applications, Vol.1, eds. B.W.Parkinson and 
J.J.Spilker (American Institute of Aeronautics and Astronautics, 1995). 
N.Ashby, Relativity in the Global Positioning System, Living Reviews in Relativity 
(http:/ /www. livingreviews.org). 

[61] A.Tartaglia, General Relativistic Corrections to the Sagnac Effect, Phys.Rev. D58, 064009 
(1998). 

[62] J.Barbour and H.Pfister eds., Mach's Principle. Prom Newton's Bucket to Quantum Gravity, 
Einstein Studies Vol. 6 (Birkhauser, Boston, 1995). 

D.Lyndcn-BcIl, Inertia, in Gravitational Dynamics, eds. O.Lahav, E.Terlevich and 
R.J.Terlevich (Cambridge Univ. Press, Cambridge, 1996). 
[63] H.Thirring, On the Effect of Rotating Distant Masses in Einstein;s Theory of Gravitation, 
Phys.Z. 19, 33 (1918); Correction to " On the Effect of Rotating Distant Masses in Einsteinjs 
Theory of Gravitation", Phys.Z. 22, 29 (1921). 

J.Lense and H.Thirring, On the Influence of the Proper Rotation of Central Bodies on the 
Motion of Planets and Moons According to Einstein's Theory of Gravitation, Phys.Z. 19, 156 
(1918) [English translation in B.Mashhoon, F.W.Hehl and D.S.Theiss, On the Gravitational 
Effects of Rotating Masses: The Thirring-Lense Papers, Gen.Rel.Grav. 16, 711 (1984)]. 
[64] I.Ciufolini, A Comprehensive Introduction to the Lageos Gravitomagnetic Experiment: from, 
the Importance of the Gravitational Field in Physics to Preliminary Error Analysis and Error 
Budget, Int.J.Mod.Phys. A4, 3083 (1989). The 1995-99 Measurements of the Lense-Thirring 
Effect using Laser-Ranged Satellites, Class. Quant. Grav. 17, 2369 (2000). Test of General 
Relativity: 1995-2002 Measurement of Frame Dragging, presented at Physics in Collision, 
Stanford 2002 (gr-qc/0209109). 

I.Ciufolini and J.A.Wheeler, Gravitation and Inertia (Princeton Univ. Press, Princeton, 
1995). 

B.Mashhoon, F.Gronwald and H.I.M.Lichtenegger, Gravitomagnetism and the Clock Effect, 
in Gyros, Clocks, Interferometers : Testing Relativistic Gravity in Space, eds. C.Lammerzahl, 



132 



C.W.F.Everitt and F.W.Hehl, Lecture Notes Phys. 562, 83 (Springer, Berlin, 2001) (gr- 

qc/9912027). 

[65] J.M.Cohen and B.Mashhoon, Standard Clocks, Interferometry and Gravitomagnetism, 
Phys.Lett. A181, 353 (1993). 

[66] D.Bini, R.T.Jantzen and B.Mashhoon, Gravitomagnetism and Relative Observer Clock Ef- 
fects, Class. Quant. Grav. 18, 653 (2001)(gr-qc/0012065). 

[67] B.Mashhoon, Influence of Gravitation on the Propagation of Electromagnetic Radiation, 
Phys. Rev. Dll, 2679 (1975). Can Einstein's Theory of Gravitation be tested beyond the 
Geometric Optics Limit?, Nature 250, 316 (1974). Gravitational Coupling of Intrinsic Spin, 
Class.Quant.Grav. 17, 2399 (2000)(gr-qc/0003022). On the Spin-Rotation Gravity Coupling 
, Gcn.Rel.Grav. 31, 681 (1999). 

[68] M.L.Ruggiero and A.Tartaglia, Gravitomagnetic Effects, (gr-qc/0207065). 

[69] M.Wilson and H.A.Wilson, On the Electric Effect of Rotating a Magnetic Insulator in a 
Magnetic Field, Proc.R.Soc. London A89, 99 (1913). 

[70] G.N.Pellegrini and A.R.Swift, Maxwell's Equations in a Rotating Medium" Is there a Prob- 
lem?. Am.J.Phys. 63, 694 (1995). 

T.A.Wcbcr, Measurements on a Rotating Frame in Relativity and the Wilson and Wilson 
Experiment, Am.J.Phys. 65, 946 (1997). 

C.T.Ridgely, Applying Relativistic Electrodynamics to a Rotating Material Medium, 
Am.J.Phys. 66, 114 (1998). Applying Covariant versus Contravariant Electromagnetic Ten- 
sors to Rotating Media, Am.J.Phys. 67, 414 (1998). 

J.F.Corum, Relativistic Rotation and the Anholonomic Object, J. Math. Phys. 18, 770 (1977). 
Relativistic Covariance and Rotational Electrodynamics, J. Math. Phys. 21, 2360 (1980). 
S.Kichenassamy and R.A.Krikorian, Note on Maxwell's Equations in Relativistically Rotating 
Frames, J.Math.Phys. 35, 5726 (1994). 

P.N.Arendt jr. Electromagnetic Forces and Fields in a Rotating Reference Frame, (astro- 
ph/9801194). 

J.C.Haiick and B.Mashhoon, Electromagnetic Waves in a Rotating Frame of Reference, 
Ann.Phys. (Leipzig) 12, 275 (2003) (gr-qc/0304069). 
[71] A.Brillet and J.L.Hall, Improved Laser Test of the Isotropy os Space, Phys. Rev. Lett. 42, 549 
(1979). 

C.Braxmaier, H.Miiller, O.Pradl, J.Mlynek and A.Peters, Tests of Relativity Using a Cryo- 
genic Optical Resonator, Phys.Rev.Lett. 88, 010401 (2002). 

J.A.Lipa, J.A.Nissen, S.Wang, D. A. Strieker and D.Avaloff, New Limit on Signals of Lorentz 
Violation in Electrodynamics, Phys.Rev.Lett. 90, 060403 (2003). 

P. Wolf, S.Bize, A.Clairon, A.N.Luiten, G.Santarelli and M.E.Tobar, Tests of Relativity using 

a Microwave Resonator, (gr-qc/0210049). 
[72] F.Sellcri, Noninvariant One-Way Velocity of Light, Found. Phys. 5, 641 (1996) ;Noninvariant 
One- Way Speed of Light and Locally Equivalent References Frames, Found. Phys. Lett. 10, 73 
(1997). 

[73] H.Rauch and S.A.Werner, Neutron Interferometry: Lessons in Experimental Quantum Me- 
chanics (Clarendon Press, Oxford, 2000). 

[74] D. Alba, L. Lusanna and M. Pauri, Dynamical Body Frames, Orientation- Shape Variables 
and Canonical Spin Bases for the Nonrelativistic N-Body Problem , J. Math. Phys. 43, 373 
(2002) (hep-th/0011014). 

[75] C.Cattaneo, Introduzione alia teoria einsteiniana della gravitazione (Veschi, Roma, 1961). 



133 



General Relativity: Relative Standard Mass, Momentum, Energy and Gravitational Field in 
a General System of Reference , Nuovo Cimento, 10, 318 (1958); On the Energy Equation for 
a Gravitational Test Particle, Nuovo Cimento 11, 733 (1959); Conservation Laws in General 
Relativity, Nuovo Cimento 13, 237 (1959). Rend.Acc.Lincei 27, 54 (1959). 
[76] G.F.R.Ellis, Cosmological Models, in Modem Cosmology, eds. S.Bonometto, V.Gorini and 
U.Moschella (TOP, Bristol, 2002). 

H.van Elst and C.Uggla, General Relativistic 1+3 Orthonormal Frame Approach Revisited, 
Clas.Quant.Grav. 14, 2673 (1997) (gr-qc/9603026). 
[77] A.Spallicci, A.Brillet, G.Busca, G.Catastini, I.Pinto, I.Roxburgh, C.Salomon, M.SofFel and 
C.Veillet, Experiments on Fundamental Physics on the Space Station, Class. Quant. Grav. 14, 
2971 (1997). 

P.Lemonde, P.Laurent, G.Santarelli, M.Abgrall, Y.Sortais, S.Bizc, C.Nicolas, S.Zhang, 
A.Clairon, N.Dimarcq, P.Petit, A.Mann, A.Luiten, S.Chang and C.Salomon, Cold Atom 
Clocks on Earth and Space, in Frequency Measurement and Control, Advanced Techniques 
and Future Trends, ed.A.N.Luiten (Springer, Berlin, 2001). 
[78] S.Weyers, U.Hiibner, R. Schroder, C.Tanini and A.Bausch, Uncertainty Evaluation of the 
Atomic Caesium Fountain CSFI of the PTB, Metrologia 38, 343 (2001). 
S.Bize, Y.Sortais, M.S.Santos, C.Mandache, A.Clairon and C.Salomon, High-Accuracy Mea- 
surement of the ^^Rb Ground-State Hyperfine Splitting in an Atomic Fountain, Euro- 
phys.Lett. 45, 558 (1999). 

R.Holzwarth, Th.Udem, T.W.Hansch, J.C.Knoght, W.J.Wadsworth and P.St.J.Russcll, Op- 
tical Frequency Synthesizer for Precision Spectroscopy, Phys. Rev. Lett. 85, 2264 (2000). 
Th.Udem, S.A.Diddams, K.R.Vogel, C.W.Oates, E.A.Curtis, W.D.Lee, W.M.Itano, 
R.E.Drullinger, J.C.Bergquist and L.Hollberg, Absolute Frequency Measurements of the Hg^ 
and Ca Optical Clock Transitions with a Femtosecond Laser, Phys.Rev.Lett. 86, 4996 (2001). 

[79] G. Petit and P. Wolf, Relativistic Theory for Picosecond Time Transfer in the Vicinity of the 
Earth, Astron.Astrophys. 286, 971 (1994). Relativistic Theory for Clock Syntonization and 
the Realization of Geocentric Coordinate Times, Astron.Astrophys. 304, 653 (1995). 

[80] L.Blanchet, C.Salomon, P.Teyssandier and P. Wolf, Relativistic Theory for Time and Fre- 
quency Transfer to Order Xjc", Astron.Astrophys. 370, 320 (2000). 

[81] B.Linet and P.Teyssandier, Time Transfer and Frequency Shift to the Order 1/c^ in the Field 
of an Axisymmetric Rotating Body, Phys. Rev. D66, 024045 (2002). 

T.B.Bahder, Fermi Coordinates of an Observer Moving in a Circle in Minkowski Space: Ap- 
parent Behaviour of Clocks (gr-qc/9811009); Navigation in Curved Space-Time, Am.J.Phys. 
69, 315 (2001); Relativity of GPS Measurement (gr-qc/0306076). 
[82] S.A.Klioner, A Practical Relativistic Model for Microarcsecond Astrometry in Space, (astro- 
ph/0107457). Light Propagation in the Gravitational Field of Moving Bodies by Means 
of Lorentz Transformations: L Mass Monopoles Moving with Constant Velocities, (astro- 
ph/0301573). 

[83] K.D.Kokkotas and J.Ruoff, Instabilities of Relativistic Stars, in the 25th Johns Hop- 
kins Workshop 2001: A Relativistic Spacetime Odyssey, eds. I.Ciufolini, D.Dominici and 
L.Lusanna (World Scientific, Singapore, 2003). 

[84] U.Schelb, Characterizability of Free Motion in Special Relativity, Found. Phys. 30, 867 (2000). 
J.Audretsch and C.Lammerzahl, Establishing the Riemannian Structure of Space- Time by 
means of Light Rays and Free Matter Waves, J.Math.Phys. 32, 2099 (1991). The Conformal 
Structure of Space-Time in a Consecutive Axiomatics based on Elements of Quantum Me- 



134 



chanics, Gen.Rel.Grav. 27, 233 (1995). 

M.Castagnino, The Riemannian Structure of Space-Time as a Consequence of a Measure- 
ment Method, J.Math.Phys. 12, 2203 (1971). 

[85] G.H.Derrick, Classical Mechanics with respect to an Observer's Past Light Cone, 
J.Math.Phys. 28, 64 (1987). 

[86] D.Hilbert, Gott.Nachr. Math.-Phys. Kl. 53 (1917). 

[87] R.Arnowitt, S.Deser and C.W.Misner, Canonical Variables for General Relativity, Phys.Rev. 
117, 1595 (1960). 

The Dynamics of General Relativity, in Gravitation: an Introduction to Current Research, 
ch. 7, ed.L.Witten (Wiley, New York, 1962). 
[88] L.Lusanna, The Rest-Frame Instant Form of Metric Gravity, Gen.Rel.Grav. 33, 1579 (2001) 

(gr-qc/0101048). 

[89] L.Lusanna, The N- and 1-Time Classical Descriptions of N-Body Relativistic Kinematics 

and the Electromagnetic Interaction, Int.J.Mod.Phys. A12, 645 (1997). 
[90] H.Bondi, Assumption and Myth in Physical Theory (Cambridge Univ.Press, Cambridge, 

1967). 

R.D'Inverno, Introducing Einstein Relativity, (Oxford Univ.Press, Oxford, 1992). 

C.E.Dolby, Simultaneity and the Concept of Particle, to appear in the Proceedings of Time 

and Matter: An International Colloquium on the Science of Time (TAM 2002), Venice, Italy, 

11-17 Aug 2002 (gr-qc/0305097). 
[91] W.A.Rodrigues jr and M.Sharif, Equivalence Principle and the Principle of Local Lorentz 

Invariance, Found.Phys. 31, 1785 (2001) [erratum Found.Phys. 32, 811 (2002)]. 
[92] D.Bini, F.deFelice and F.Sorge, Gravitational Waves, Gyroscopes and Frame Dragging, 

Class.Quant.Grav. 18, 2945 (2001). 
[93] V.Fock, The Theory of Space Time and Gravitation (Pergamon, New York, 1959). Three 

Lectures on Relativity Theory, Rev.Mod.Phys. 29, 325 (1957). 
[94] L.Lusanna and S.Russo, A New Parametrization for Tetrad Gravity, Gen.Rel.Grav. 34, 189 

(2002)(gr-qc/0102074). 

R.De Pietri, L.Lusanna, L.Martucci and S.Russo, Dirac's Observables for the Rest-Frame 

Instant Form of Tetrad Gravity in a Completely Fixed 3- Orthogonal Gauge, Gen.Rel.Grav. 

34, 877 (2002) (gr-qc/0105084). 
[95] R.N.Henriksen and L. A. Nelson, Clock Synchronization by Accelerated Observers: Metric 

Construction for Arbitrary Congruences of Worldlines, Can.J.Phys. 63, 1393 (1985). 
[96] R.M.Wald, General Relativity (Chicago Univ. Press, Chicago, 1984). 

M.Heusler, Black Hole Uniqueness Theorems (Cambridge Univ.Press, Cambridge, 1996); 

Stationary Black Holes: Uniqueness and Beyond, Living Reviews in Relativity 1998 

(www . livingreviews . or g/ Art icles / Volume 1 / 1 998-6heusler ) . 
[97] N.Stergioulas, Rotating Stars in Relativity, Living Reviews in Relativity 2003 

(www.livingreviews.org/lrr-2003-3). 
[98] J.M.Bardeen and R.Wagoner, Relativistic Disks. I. Uniform Rotation, Ap.J. 167, 359 (1971). 

E.M.Butterworth and J.R.Ipser, On the Structure and Stability of Rapidly Rotating Fluid 

Bodies in General Relativity. I. The Numerical Method for Computing Structure and its 

Application to Uniformly Rotating Homogeneous Bodies, Ap.J. 204, 200 (1976). 

N.Comins and B.F.Schutz, On the Ergoregion Instability, Proc. R. Soc. London A364, 211 

(1978); On the Existence of Ergoregions in Rotating Stars, Mon.Not.R.astr.Soc. 182, 69 

(1978). 



135 



J.L.Friedman, Ergosphere Instability, Commun.Math.Phys. 63, 243 (1978). 
[99] W.Rindler, Kruskal Space and the Uniformly Accelerated Frame, Am.J.Phys. 34, 1174 (1966). 
[100] P.Dombrowski, J.Kuhlmann and U.Proff, On the Spatial Geometry of a Non-Inertial 

Observer in Special Relativity, in Global Riemannian Geometry, eds. T.J.Willmore and 

N.J.Hitchin (Horwood, Wiley, New York, 1984). 
[101] T.B.Badher, Navigation in Curved, Space-Time, Am.J.Phys. 69, 315 (2001). 

F.de Felice, M.G.Lattanzi, A.Vccchiato and P.L.Bernacca, General Relativistic Satellite As- 

trometry. I. A Non-Perturbative Approach to Data Reduction, Astron.Astropliys. 332, 1133 

(1998). 

S.G.Turyshev, Relativistic Navigation: A Theoretical Foundation, NASA/JPL No 96-013 

(gr-qc/9606063). 

[102] C.Rovelli, GPS Observables in General Relativity, e-print 2001 (gr-qc/0110003). 

M.Blagojevic', J.Garecki, F.W.Hehl and Yu.N.Obukhov, Real Null Coframes in General Rel- 
ativity and GPS Type Coordinates, e-print 2001 (gr-qc/0110078). 
[103] M.Born, Die Theorie des starren Elektrons in der Kinematik des Relativitdtsprinzipe, 

Ann.Phys. (Leipzig) 30, 1 (1909). 
[104] 0. Gr0n, Rotating Frames in Special Relativity, Int.J.Thcor.Phys. 16, 603 (1977). Relativistic 

Description of a Rotating Disk, Am.J.Phys. 43, 869 (1975). Covariant Formulation of Hooke's 

Law, Am.J.Phys. 49, 28 (1981). 
[105] L.Lusanna and D.Nowak-Szczepaniak, The Rest-Frame Instant Form of Relativistic Perfect 

Fluids with Equation of State p = p{n, s) and of Non-Dissipative Elastic Materials, Int. J. 

Mod. Phys. A15, 4943 (2000) (hcp-th/0003095). 
[106] J.L.Synge, Time-like Helices in Flat Space-Time, Proc. Royal Irish Acad. A 65, 27 (1967). 

E.Honig, E.L.Schuking and C.V.Vishveshwara, Motion of Charged Particles in Homogeneous 

Electro-magnetic Fields, J.Math.Phys. 15, 774 (1974). 

B.R.Iyer and C.V.Vishveshwara, The Frenet-Serret Formalism and Black Holes in Higher Di- 
mensions, Class. Quantum Grav. 5, 961 (1988); The Frenet-Serret Description of Gyroscopic 
Precession, Phys.Rcv. D48, 5706 (1993). 

[107] D.Alba and L.Lusanna, Generalized Eulerian Coordinates for Relativistic Fluids: Hamil- 
tonian Rest-Frame Instant Form, Relative Variables, Rotational Kinematics, to appear in 
Int . J .Mod.Phys. (hep-th /0209032) . 

[108] W.A.Rodrigues jr and M.Sharif, Rotating Frames in SRT: the Sagnac Effect and Related 
Issues, Found.Phys. 31, 1767 (2001). 

[109] P.Bender and the LISA Study Team, LISA: A Cornerstone Mission for the Observation of 
Gravitational Waves, System and Technology Study Report ESA-SCI (2000) 11, 2000. 
K.Danzmann and A.Rudiger, LISA Technology - Concept, Status, Prospects, Class. Quantum 
Grav. 20, S1-S9 (2003). 

M.Tinto, F.B.Estabrook and J.W.Armstrong, Time-Delay Interferometry for LISA, 
Phys.Rev. D65,082003 (2002). 

N.J.Cornish and R.W.Hellings, The Effects of Orbital Motion on LISA Time Delay Interfer- 
ometry (gr-qc/0306096). 

A.Pai, K.Rajesh Nayak, S.V.Dhurandhar and J.Y.Vinet, Time Delay Interferometry and 
LISA Optimal Sensitivity (gr-qc/0306057). 

D. A. Shaddock, Operating LISA as a Sagnac Interferometer (gr-qc/0306125). 
M.Tinto, F.B.Estabrook and J.W.Armstrong, Time Delay Interferometry with Moving Space- 
craft Arrays (gr-qc/0310017). 



136 



[110] O.J. Severs and J.L.Fanselow, Astrometry and Geodesy with Radio Interferometry: Experi- 
ments, Models, Results, Rev.Mod.Phys. 70, 1393 (1998). 

[Ill] L.I.Schiff, A Question in General Relativity, Proc.Nat.Acad.Sci. 25, 391 (1939). 

[112] W.M.Fawley, J.Arons and E.T.Scherlemann, Potential Drops above Pulsar Polar Caps: Ac- 
celeration on Nonneutral Beams from the Stellar Surface, Astrop.J. 217, 227 (1977). 

[113] S.Kichenassamy and R.A.Krikorian, The Relativistic Rotation Transformation and the Goro- 
tating Source Model, Astrop.J. 371, 277 (1991); The Relativistic Rotation Transformation 
and Pulsar Electrodynamics, Astrop.J. 431, 715 (1994). 

O.V.Chedia, T.A.Kahniashvili, G.Z.Machabeli and I.S.Nanobashvili, On the Kinematics of 
a Gorotating Relativistic Plasma Stream in the Perpendicular Rotator Model of a Pulsar 
Magnetosphere, Astrophys. Space Science 239, 57 (1996). 

[114] F.Rohrlich, The Principle of Equivalence, Ann.Phys.(N.Y.) 22, 169 (1963). 

[115] J.C.Hauck and B.Mashhoon, Electromagnetic Waves in a Rotating Frame of Reference, 
Ann.Phys. (Leipzig) 12, 275 (2003) (gr-qc/0304069). 

[116] S.Deser, Govariant Decomposition of Symmetric Tensors and the Gravitational Gauchy Prob- 
lem., Ami.Inst.H.Poincarc' VII, 146 (1967). 

R.Arnowitt, S.Deser and C.W.Misner, Gravitational Electromagnetic Coupling and the Clas- 
sical Self-Energy Problem, Phys.Rev. 120, 313 (1960). 

[117] D.Alba and L.Lusanna, Multi-Temporal Quantization for Relativistic and Non-Relativistic 
Particles in Non-Inertial Frames in Absence of Gravity, in preparation. 

[118] E.J. Post and D.D.Bahulikar, Note on the Electrodynamics of Accelerated Systems, 
J.Math.Phys. 12, 1098 (1971). 

E.J. Post, Kottler-Cartan-van Dantzig (KGD) and Noninertial Systems, Found. Phys. 9, 619 
(1979). 

B.M.Bolotovskii and S.N.Stolyarov, Current Status of the Electrodynamics of Moving Media 
(Infinite Media), Sov.Phys.Usp. 17, 875 (1975). 
[119] R.Rynasiewicz, Kretschmann's Analysis of Covariance and Relativity Principles, in The Ex- 
panding Worlds of General Relativity (Einstein Studies, volume 7), eds. H.Goenner, J.Renn, 
J.Ritter and T.Sauer (Birkhauser, Boston, 1999). 



137 



